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Introduction 



1.1 Gaussian Curvature. 

The purpose of this text is to solve a general Plateau problem for hypersurfaces of con- 
stant gaussian curvature in Euclidean Space. We first introduce the concept of gaussian 
curvature (also known as extrinsic curvature). We begin with the 2-dimensional case. Let 
S be a smooth, oriented, embedded surface in 3-dimensional Euclidean Space. We use the 
terminology of riemannian geometry (c.f. [6]). Let N be the unit, normal vector field over 
S compatible with the orientation. We denote by A the shape operator of S (also known 
as the Weingarten operator). We recall that at every point, x, of S, A{x) defines a 
linear map from the tangent space of S at x to itself, and is expressed in terms on the 
derivative of N at x by the formula: 

A(x)(U) = DN(x)(U), 

for any vector U which is tangent to S at x. We define the function k : S — >■ R by: 

k = Bet(A), 

and we refer to k as the gaussian curvature of S. 

The study of the gaussian curvature of surfaces is motivated by its relationship to intrinsic 
geometry. Indeed, since the ambient space is flat, by Gauss' equation, if we denote by 
R the Riemann curvature tensor of S, then for all vectors U, V and W tangent to S at x: 

R(x) uv W = (A(x)(V),W}A(x)(U) - {A(x)(U),W}A(x)(V). 
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Moreover, since S is 2-dimensional, the Riemann curvature tensor is determined entirely 
by the scalar curvature, which we denote Seal and which is given by the formula: 

Scal(x) = (R(x) eie2 e2,ei), 

where ei, is any orthonormal basis of T X S at x. In particular, Gauss' equation yields: 

Seal = Bet(A) = k. 

This leads to the following remarkable conclusion: that, despite being constructed via 
extrinsic data, the gaussian curvature is an intrinsic property. This is formally described 
by Gauss' celebrated Theorema Egregium: 

Theorem 1.1, Gauss (1825/1827) 

Let Si and S2 be two smooth, oriented, embedded surfaces in Euclidean 3-space. Let k\ 
and K 2 be the gaussian curvatures of Si and S 2 respectively. If there exists a distance 
preserving diffeomorphism <E> : S\ — > S2, then for all points x E Si: 

(k 2 O &)(x) = Ki(x). 

The difference between extrinsic and intrinsic properties may be quite subtle for the novice 
reader, and is perhaps best illustrated by considering the mean curvature H of the surface 
which is defined via the trace of the shape operator: 

H= 1 -Tr{A). 

Gauss' Theorema Egregium does not apply to H, and this has straightforward real-world 
consequences. Indeed, consider a sheet of paper. One may show that its gaussian curvature 
is equal to zero. Thus, whether it is laid flat on a desk, rolled into a cylinder, or even buckled 
in a smooth manner, the determinant of the resulting shape operator will vanish at every 
point. On the other hand, if this sheet of paper is laid flat on a desk, then the trace of 
the resulting shape operator vanishes, but if it is rolled up into a cylinder, the trace of the 
resulting shape operator can be made as high as we wish, and if it is buckled in a smooth 
manner, we can even ensure that the trace of the resulting shape operator varies from 
point to point. The gaussian curvature is thus a property intrinsic to the paper, wheras 
the mean curvature depends also on its current shape. 

1.2 The Plateau Problem. 

We now consider hypersurfaces of (n + l)-dimensional Euclidean Space, for arbitrary n. 
If S is a smooth, oriented, embedded hypersurface in Euclidean Space, and if A is its 
shape operator, then, as before, we define its gaussian curvature, k to be equal to the 
determinant of A. Given a closed, codimension-2, embedded submanifold, C, of R n+1 , 
and given a constant k > 0, the Plateau problem for gaussian curvature asks for the 
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existence of a compact, smooth, embedded hypersurface of constant gaussian curvature 
equal to k whose boundary coincides with C. 

Before formulating the Plateau problem more precisely, it is worth investigating certain 
of its geometric aspects. The first is the relationship between gaussian curvature and 
convexity. We recall that S is said to be locally strictly convex whenever its shape 
operator is everywhere positive definite. We now denote by Symm(2,R n ) the space of n- 
dimensional, symmetric matrices over R and consider the function Det : Symm(2, R n ) — > R. 
Det _1 ({0}) divides Symm(2,R n ) into (n + 1) many connected components. We denote 
these by Aq,...,A u , so that, for each k, consists of those non-degenerate, symmetric 
matrices in R with k strictly negative real eigenvalues and (n — k) strictly positive real 
eigenvalues. In particular, A coincides with the cone V of positive-definite, symmetric 
matrices over R. Thus, if we denote by S the set of embedded hypersurfaces of R n+1 
whose gaussian curvature never vanishes, then S also decomposes into (n + 1) many (not 
necessarily connected) components. We denote these components by 1S0, iS n , so that, for 
each k, Sk consists of those hypersurfaces whose shape operator is at every point conjugate 
to an element of A^. In particular, So is the set of locally strictly convex hypersurfaces. 
It turns out that the qualitative behaviour of an embedded hypersurface whose gaussian 
curvature never vanishes depends heavily on which of these components it belongs to. 
Moreover, for reasons related to the analytic concept of ellipticity, hypersurfaces in Sq are 
significantly more tractable than those in any other family, and it is for this reason in 
particular that we henceforth restrict attention to locally strictly convex hypersurfaces. 

The second important geometric aspect of the Plateau problem for gaussian curvature is the 
importance of outer barriers. The situation is illustrated by the case where the boundary 
curve C is a circle of unit radius in 3-dimensional Euclidean Space. For all k g]0, 1[, there 
exist exactly two strictly convex, embedded surfaces of constant gaussian curvature 
equal to k such that dS^ = C. In particular, since there are two solutions, the problem 
of finding surfaces of constant curvature equal to k whose boundary coincides with C is 
ill-posed in the sense of partial differential equations. Moreover, we observe that, for all 
k, is a portion of a sphere of radius 1/k, and if we denote by E the unique sphere of 
unit radius containing C, then, exchanging S£ and if necessary, we may suppose that 
Sfc lies on the inside of E whilst S£ lies on its outside. This characterises an important 
qualitative difference between the small solution, , and the big solution, S£. Indeed, 
when we perturb the boundary curve C away from a circle, whilst it is relatively easy 
to ensure that the corresponding perturbation of the small solution remains within some 
compact set, it is not possible to obtain analogous control over the position of the big 
solution. For this reason, we consider Plateau problems where some sort of outer barrier 
is prescribed. One conveniant way of doing so is by prescribing a compact, convex subset, 
K, of R n+1 with smooth boundary such that C is contained in dK. We underline that 
this gives a relatively restricted version of the Plateau problem compared to what may 
be proven (c.f. [12] and [22]). However, it is nonetheless sufficiently general to state 
interesting theorems and discuss many of the techniques that arise in the study of this and 
more general problems. 

We are now in a position to state the main result of this text: 
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Theorem 1.2 

Choose k > 0. Let K be a compact, convex subset ofR n+1 with smooth boundary. Let 
X be a closed subset of dK with C 2 boundary C = dX . If dK has gaussian curvature 
bounded below by k at every point of (dK) \ X , then there exists a compact, strictly 
convex, C 0,1 embedded hypersurface S C M. n+1 with the properties that: 

(1) S C K; 

(2) 8S = C; and 

(3) S\dS is smooth and has constant gaussian curvature equal to k. 

Remark: In fact, if dX is smooth, then we can show that S is smooth up to the boundary 
(and not just over its interior). We shall not study this here. 

1.3 The Plateau Problem for Graphs. 

A simpler version of the Plateau problem concerns finding hypersurfaces of constant gaus- 
sian curvature which are graphs over some affine hyperplane. This is referred to as the 
non-parametric problem. This case constitutes an important intermediate step in the 
proof of Theorem 1.2, forming the basis of a regularity result for weak solutions. The main 
advantage of the non-parametric case is that the condition of constant gaussian curvature 
now translates into a non-linear partial differential equation. Indeed: 

Lemma 1.3 

Let U be an open subset ofW 1 . Let f : U — > K be a smooth function. If we define 
k : U — >■ K. such that for all x G U, k(x) is the gaussian curvature of the graph of f at the 
point (x, f(x)), then k(x) is given by: 

k(x) = Det(D 2 f(x))/(l + \\Dd(x)\\ 2 )^+ 2 ^ 2 . 

Moreover, the graph of f is locally strictly convex if and only if f is strictly convex. 

Remark: We always orient graphs of functions such that the unit normal vector compatible 
with the orientation points downwards. 

Proof: We define /:?/—>■ W n+1 by f(x) = (x, f(x)). The function / is thus a parametri- 
sation of the graph of /. We define N : U — > E n by: 

N = (Df, -1). 

V^ + \\Df\\ 2 

N is thus the unit normal vector field over the graph of / compatible with the orientation. 
Let ei, e n be an orthogonal basis of R n . Let g be the metric on IR n+1 . We denote by 
Iij the matrix of f*g. For all i and for all j: 

hj =(Df(e i ),Df(e j )) 
= ((ei,fi),( e jifj)) 

5jj ~\~ fifj- 
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We denote by Ilij the matrix of the shape operator of the graph of / with respect to the 
basis ei, e n . Observe that, for all i, (N, Df(ei)} = 0. Thus, for all i and for all j: 

Ilij = {DH{e i ),Df{e j )) 

= ((l + P/l| 2 )- 1/2 ^ 2 /(eO,0),(e J ,/ J )) 
= {l + \\Dff)-^f ir 

Thus II is positive definite if and only if D 2 f is positive definite. In other words, the graph 
of / is locally strictly convex if and only if / is strictly convex. Moreover, the gaussian 
curvature is given by k = Det(iT)/Det(I), and so: 

k = Det(D 2 /)/(l + prf|| 2 ) (n " 2)/2 , 

as desired. □ 

The non-parametric Plateau problem is then solved using techniques from the theory of 
partial differential equations. Indeed, we denote by V C Symm(2, M. n ) the open cone of 
positive-definite, symmetric matrices over M 71 , and we define F : T — >]0, oo[ by: 

F(A) = Det(A) 1 / n . 

We define G : K n ->■ R by: 

Go(o = (i + iieii 2 )^. 

We leave the reader to verify that Go is convex and Gq ^ 1. By Lemma 1.3, if U C R n 
is an open subset of IR n and if / : U — > M. is a smooth, strictly convex function, then the 
graph of / has constant extrinsic curvature equal to k n if and only if: 

F(D 2 f)/G (Df) = k. 

More generally, let G : R n — > K be any smooth, convex function such that G ^ 1. The 
non-parametric Plateau problem then follows from the following result: 

Theorem 1.4 

Let O be a compact, convex subset of K n with smooth boundary and non-trivial interior. 
Let (p G C°°(0) be a smooth, positive function. If there exists a strictly convex function 
f E C^(Ti) such that: 

F(D 2 f)/G(Df) > <p, = 0, 

then there exists a unique strictly convex function f G Cg°(0) such that: 

F(D 2 f)/G(Df)=<j ) , /|«, = 0. 
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1.4 Overview. 

The proof of Theorem 1.2 leads us on a tour of many interesting features of the Plateau 
problem. First, we prove Theorem 1.4, and to do so, we develop an infinite dimensional 
topological degree theory which forms the content of Chapters 2 and 3. We recall that, in 
general, topological degree theories are only valid for proper mappings between topological 
spaces. For this reason, Chapter 2 is devoted to obtaining a compactness result for families 
of solutions to the partial differential equation given in Lemma 1.3. This compactness 
result is proven using the powerful (and general) techniques first developed by Caffarelli, 
Nirenberg and Spruck in [2]. Indeed, the compactness result itself follows from a-priori 
bounds on the derivatives of the solutions, where the main challenge lies in finding bounds 
of second-order, after which higher order bounds follow from general principles, and it 
is in obtaining the second-order bounds that the Caffarelli-Nirenberg-Spruck technique 
plays a central role. Chapter 3 is then devoted to developing the formal aspects of the 
degree theory. The main challenge here lies in showing how the tehcniques of finite- 
dimensional differential topology extend to the current infinite-dimensional case. This is 
acheived following the approach first described by Smale in [21] using the theory of smooth 
mappings between open subsets of Banach spaces. 

Chapter 4 is devoted to studying the singularites that may arise in Hausdorff limits of 
families of strictly convex hypersurfaces of constant gaussian curvature. Indeed, by com- 
plementing Theorem 1.4 with an interior regularity estimate first used by Pogorelov in 
a slightly different context (c.f. [15]), we are able to obtain a regularity result for these 
Hausdorff limits which is expressed in Theorem 4.29. The proof of this result requires, 
in addition, an in-depth study of the structure of compact, convex subsets of Euclidean 
Space in order to derive the full geometric consequences of the above analytic results. This 
study forms the greater part of the content of this chapter, and we establish a number of 
properties of convex sets which are of independent interest, and which remain valid for 
convex subsets of any riemannian manifold. 

With the regularity result of Theorem 4.29 at hand, we develop a theory of weak solutions 
which allows us to solve Theorem 1.2, and this forms the contents of Chapters 5 and 6. In 
Chapter 5 we study further properties of convex sets, though, whilst the results are used 
later, it is essentially tangential to the main flow of this text. In Chapter 6, we develop the 
concept of weak barriers as convex sets which are, more or less, Hausdorff limits of convex 
sets with smooth boundary and of gaussian curvature at least k. We show that the family 
of weak barriers is closed under Hausdorff limits and finite intersections, and this allows 
us to prove the existence of a unique volume minimising weak barrier. We then show that 
the family of weak barriers is closed under a certain excision operation, and this allows 
us to apply the regularity result of Theorem 4.29. We thus remove all singularities of the 
volume minimiser which then yields existence in Theorem 1.2. 
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The CNS Method 



We study the Caffarelli-Nirenberg-Spruck (CNS) method for obtaining a-priori second 
order bounds of solutions to non-linear partial differential equations of Hessian type given 
the existence of an upper barrier. The most important result of this chapter is Theorem 
2.30, which is a compactness result in the C°° sense for families of solutions to such non- 
linear partial differential equations, and in particular, for families of functions whose graphs 
are hypersurfaces of constant gaussian curvature. 

The CNS method uses a barrier argument to obtain these bounds. Three points stand 
out in any discussion therof. The first is the importance of convexity which is repeatedly 
used throughout this chapter. The second is the concept of subharmonicity. Indeed, 
barrier arguments use the maximum principle which only applies to subharmonic functions. 
Consequently, as in Lemmas 2.15, 2.16 and 2.26, much of the work lies on determining 
functions which are subharmonic, or at least, whose laplacian is bounded below by terms 
which we are able to control. The third is the linearisation of the partial differential 
equation in question which presents the optimal choice of generalised laplacian with respect 
to which we determine subharmonicity. 

In all situations where the CNS method may be applied, once a-priori second-order bounds 
have been obtained, higher order bounds follow from general results. First, the Krylov 
technique (c.f. Theorem 2.29) allows us to obtain a-priori C 2+a bounds for solutions. Then 
the Schauder technique (c.f. Theorem 2.28) allows us to obtain a-priori C k bounds for all 
k, the compactness result then follows by applying the classical Arzela-Ascoli theorem. 
Detailled proofs of Theorems 2.28 and 2.29 would take us too far afield, and we therefore 
state them without proof, referring the interested reader to [11] for more details. 
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2.1 The Framework. 

We henceforth consider a setting which is sufficiently general to illustrate the main concepts 
without introducing excessive complexity. In the sequel, we advise the reader to focus 
rather on the ideas than on the results themselves. We will highlight what we believe to 
be the key points as they arise. 

Let Symm := Symm(2,IR n ) be the space of real-valued, symmetric matrices of order n. 
Let r C Symm be the open cone of positive-definite, symmetric matrices. We define 
F : T ^]0, oo[by: 

F(A) = Det(A) 1/n . 

Let G : R n — > M. be a smooth, convex function bounded below by 1. Let O be a compact, 
convex subset of lR n with smooth boundary. For any smooth function <p G C°°(0, ]0, oo[), 
we now consider smooth, strictly convex functions / G C°°(0) which satisfy the following 
non-linear, partial differential equation with boundary condition: 

F(D 2 f)/G(Df) = <f>, /|on = 0. (A) 

We leave the reader to verify that hypersurfaces of constant gaussian curvature present a 
special case of this problem (c.f. Lemma 1.3). 

We are interested in studying the problem given the existence of a lower barrier. This 
is a smooth, strictly convex function / G C°°(0) which satisfies the following non-linear 
partial differential inequation with boundary condition: 

F(D 2 f)/G(Df) > <p, /|on = 0. 

We define the quantity 5(f) > by: 

5(f) = Inf_(F(D 2 f(x)) - (p(x)G(Df(x))). 

This quantity will be of use in the sequel. We are interested in solutions / of (A) which 
lie above the lower barrier. That is, with the property that / ^ /. These will be obtained 
using degree theory, which is a generalisation of the continuity method and will be discussed 
in Section 3. In order to apply this technique, we require compactness results for any 
family of solutions of (A) bounded below by a corresponding family of lower barriers. By 
the classical Arzela-Ascoli theorem, such compactness results are equivalent to a-priori 
bounds for the norms of the /c'th derivatives of solutions for all k. A-priori C° and C 1 
maybe obtained without any further prerequisites: 

Lemma 2.1 

If / ^ /, then: 

ll/lk- < ll/lk- 

Proof: Let A be the standard Laplacian on R n . Since / is smooth and strictly convex 
Af > 0. It follows from the maximum principle (Theorem 3.1 of [11]) that: 

Sup/(x) = Sup f(x) = 0. 
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Moreover, by definition: 

Inf/(z)=Inf/>K||/|| L ~. 

It follows that ||/||l°° ^ || / 1| l 00 as desired. □ 
Lemma 2.2 

Choose e > and let a, 6, c :] — e, e[— >■ R be continuous functions which are differentiable 
at such that a(0) = 6(0) = c(0). If there exists a sequence (t m ) me N G] — e, e[ converging 
to such that for all m: 

a(t m ) ^ b(t m ) < c(£ m ). 

Then: 

a'(0) < 6'(0) ^ c'(0). 

Proof: For all m G N: 

-^-(6(t m ) - 6(0)) ^ ^-(c(t m ) - c(0)). 

Taking limits, we find that 6'(0) ^ c'(0). In like manner, we show that a'(0) ^ 6'(0), as 
desired. □ 

Lemma 2.3 

Iff^f then: 

\\Df\\ L ~ ^ \\Df\\ L ~. 

Proof: We first claim that: 

P>/IU- = Sup ||D/(x)||. 

x€dQ 

Indeed, let x be any point of O. Denote V = Df(x)/\\Df(x)\\ and define 7 : R — )■ R n 
by 7(t) = x + tV. Since O is compact and convex, 7 _1 (0) is a closed interval, [a, 6] say, 
containing 0. We define g : [a, b] — > R by #(£) = (/ o 7)(£) = /(a; + tV). Since / is convex, 
so is (7. In particular, o' is monotone, and so without loss of generality we may assume 
that g'(b) ^ g'(0) = \\Df(x)\\. However, bearing in mind the Cauchy/Schwarz inequality: 

\\Df(x)\\^g'(b) = <0/(7(&)), V) < P/(7(6))llll^|| = \\Dfh(b))\\ < Sup p/(y)||, 
The assertion now follows by taking the supremum over all x. 

Observe that, as in the proof of Lemma 2.1, / $C 0. Choose x G dfl. Upon applying an 
affine isometry, we may assume that x = and that the tangent space to <9fi at x coincides 
with the space spanned by the vectors ei,...,e n _i. There exists r > and a smooth 
function B' r (0) — >] — r, r[ such that (dQ) C](B' r (0)x] — r, r[) coincides with the graph of 
w. In particular Du(0) = 0. Consider the function g(x') = f(x',u(x')). Observe that 
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g vanishes identically. Thus, bearing in mind the chain rule, for all 1 ^ % ^ (n — 1) we 
obtain: 

= 9i(0) = MO) + /n(0Vi(0) = /i(0). 

Define 7 : R ->■ R n by 7 (t) = te n . There exists e > such that for all t G [0, e[, 7 (£) G O. We 
define g,g: [0, e[-> R by #(£) = (/o 7 )(£) = /(te n ) and = (/o 7 )(t) = /(£e n ). Observe 
that both gr and g extend to C 1 functions defined over the interval ] — e, e[. Moreover, for 
all t G [0,e[, #(£) < #(£) ^ 0, and it follows from Lemma 2.2 that g'(0) ^ g'(0) < 0. Since 
g '(0) = / n (0) and #'(0) = / n (0), and since £(0) = for all 1 sC i < (n - 1), this yields: 



= |/ n (0)K /4(0) 



^ ||D/(0)|| < Sup ||D/(y)||. 

yean 



The result now follows by taking the supremum over all x G dfl. □ 

Remark: Operators of the type discussed here fall into the class of what are known as 
Monge-Ampere operators. The approach described in the sequel extends to the following 
more general framework (c.f [4]). Let O(n) be the group of orthogonal matrices of order n. 
We recall that O(n) acts on Symm by conjugation. That is, for M G O(n) and A G Symm: 



M(A) := M~ 1 AM G Symm. 



We now denote the open cone of positive-definite, symmetric matrices by T , and observe 
that every element of O(n) maps V bijectively to itself. We then consider any other cone 
r C Symm centred on the origen which is convex, invariant under the action of 0(n) on 
Symm, and in addition satisfies the property that for all x G V, x + T C V. 

Given such a cone V, we consider any function F G C°° (V) H C° (T) which is concave, 
homoegeneous of order 1, invariant under the action of O(n) on Symm and which in 
addition satisfies the property that for all A G V and for all B eT \ {0}, DF(A)(B) > 0. 

In particular, consider the symmetric polynomials (cr k )o^k^n '■ Symm — > R defined such 
that for all A G Symm and for all t G R: 

n 

Det(Id + L4) = ^tfaiiA). 

For all ^ k ^ n, we define T k C Symm by: 

r fc = {A I a (A),...,a k (A) > 0} . 

For all 1 ^ k ^ n, we define F k : T k ->■ [0, oof by F k (A) = (a k (A)) 1 / k . It can be shown 
that for all k, the pair (T k , F k ) satisfies the desired properties. In particular, when k = n, 
F k = Det 1/n and when k = 1, F k = Tr, and we see that both the Monge-Ampere operator 
(studied here) and the Laplacian are covered by this framework. 
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2.2 Basic Properties of F. 

In order to obtain higher order a-priori bounds, it is necessary to understand better the 
differential properties of the function F. Let End(n) be the space of linear endomorphisms 
of R n . We recall that the canonical inner product of End(n) can be written in the form: 

(A,B) = Tr(A t B). 

Observe that for Symm(n), the above formula becomes: 

(A, B) = Tr(AB). 

If a : End(n) — > R is a linear map, then we identify it with a matrix A G End(n) via this 
inner product. Let GL(n) be the group of invertible endomorphisms of R n . We recall the 
following version of Schurr's Lemma: 

Lemma 2.4 

If a : End(n) — >■ R is a linear map such that for all M G GL(n) and for all B G End(n): 

a(M~ 1 BM) = a(B), 
then there exists A G R such that for all A e End(n): 

a(S) = ATr(S). 

Proof: Choose A e End(n) such that for all B e End(n): 

ct(B) = Tr(A*B). 
For all M e GL(n) and for all B G End(n): 

Tr^M^AMfB) = Tr (M* A 1 (M^B) 
= Tr(A t (M t )- 1 BM t ) 
= a((M t )~ 1 BM t ) 
= a(B) 
= Tr(A t B). 

Since B e End(n) is arbitrary, we deduce that M~ 1 AM = A. Differentiating this relation 
at Id yields for all M e End(n): 

MA = AM. 

Choose v G R n \ {0} and let P G End(n) be the orthogonal projection onto the space 
spanned by v. Then: 

Av = APv = PAv, 

and so v is an eigenvector of A. However, the only matrices with the property that all 
vectors are eigenvectors are the scalar multiples of Id, and it follows that A = Aid as 
desired. □ 

We identify the derivative of F at any point with a symmetric matrix. We obtain: 
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Lemma 2.5 



For all AeT: 



DF(A) 



1 



F(A)A 



-1 



n 



Proof: Since every element of T is invertible, V C GL(n), the set of invertible linear maps 
of R n . Denote R* = R \ {0}, and define the function H : GL(n) ->■ R by: 



We recall that H is a group homomorphism. In particular, since R* is abelian, H is 
invariant under the action of conjugation by elements of GL(n). 

Since GL(n) is an open subset of End(n), its tangent space at Id naturally coincides with 
End(n). Since H is invariant under the action of conjugation by elements of GL(n), and 
since conjugation fixes Id, upon differentiating, we obtain, for all A G End(n) and for all 
M G GL(n): 

M(Id)(M- 1 AM) = DH(Id)(A). 
Since DH (Id) is linear, it follows from Lemma 2.4 that for all A e End(n): 

M(Id)(A) = ATr(A), 

for some A G K. By explicit calculation at A = Id, we deduce that A = 1. 

Choose M G GL(n). Using the homomorphism property of H along with the preceding 
calculation, we obtain for all A G End(n): 



H(M) = Det(M). 



DH(M)(A) 



±H(M + tA)\t= 
f t H(M)H{ld + tM- l A)\ 
H(M)Tr(M~ 1 A). 



t=o 



The result now follows by the chain rule, since 



Corollary 2.6 



For all AeT: 



DF(A)(A) =F(A). 



Remark: This relation in fact follows directly from the homogeneity of F. 



Proof: Indeed: 



DF(A)(A) = -F(A)Tr(A~ 1 A) = -F(A)Tr(Id) = F(A), 



as desired. □ 
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Lemma 2.7 

Suppose that A e T is diagonal and let < Ai < ... < A n be the eigenvalues of A. Then, 
for all B G Symm(n): 



D*F{A){B,B) ^ ~F{A)Y,^r-B ij B ij . 



n f-? XiXj 



Remark: an analogous relation may be deduced for more general F using the properties 
of concavity and ellipticity (c.f [19] for details). 

Proof: Differentiating Lemma 2.5 yields: 

D 2 F(A)(B, B) = —F(A) ( -Tr(A~ 1 B) 2 - TriA^BA^B)] . 

n \n J 

Since A is diagonal, this yields: 



D 



■■F(A)(B, B) = l F (A) ( \ E j^B u B n - JJ J^BfA 



However, by the Cauchy/Schwarz inequality: 

The result follows by combining this with the preceeding relation. □ 
Corollary 2.8 

F is concave over V. 

We invite the reader to observe the frequency with which the concavity of F and the 
convexity of G are used throughout the sequel to remove awkward terms. This is the first 
key point of the CNS technique. Of these two properties, the concavity of F is perhaps 
more fundamental, as it is used to eliminate third order terms, wheras the convexity of G 
only eliminates second-order terms. 

Remark: In particular, in the more general framework alluded to at the end of the previous 
section, an explicit formula for DF is not necessary, and the results obtained in the sequel 
can be deduced from more general relations derived from the properties of concavity, 
homogeneity, ellipticity and 0(n) -invar iance. See [4] for details. 

The concavity of F yields the following lower estimate: 
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Lemma 2.9 

For all A in V: 

-Tr(A) > F(A). 

n 

Proof: By concavity: 

DF(Id)(A - Id) ^ F(A) - F(Id). 
Thus, by Lemma 2.5 and bearing in mind that -F(Id) = 1: 

±Tr(A-Id) ^F(A)-1 
=► lTr(A) 2F{A), 

as desired. □ 

2.3 Linearisation. 

Many estimates will be obtained using the maximum principle. For this reason, superhar- 
monic functions play an important role in the theory. Importantly, the concept of "su- 
perharmonicity" requires an explicit choice of generalised Laplacian. The correct choice 
constitutes the second key point of the CNS technique. We define Cf : C°°(0) — > C°°(0) 
by: 

C f g = DF(D 2 f)(D 2 g) - <f>DG(Df)(Dg). 

The informed reader will see that £/ is precisely the linearisation at / of the partial 
differential operator $ given by <&(Dg, D 2 g) = F(D 2 g) — (pG(Dg) (c.f. Section 3). 

Lemma 2.10 

Cf is a second-order, linear, elliptic, partial diSerential operator. 

Proof: By definition that £/ is a second-order, linear, partial differential operator. It thus 
remains to show ellipticity. Let o"2(£/) be the principle symbol of Cf (c.f. [10]). We have 
to show that a"2(£/) is everywhere positive definite. Bearing in mind Lemma 2.5: 

a 2 (C f )(0 =DF(D 2 m®0 

= ±F(D 2 f)Tr((D 2 f)-\t®0) 
= lF{D 2 m,{D 2 f)-^). 

Since / is strictly convex, D 2 f is positive definite at every point, and therefore so is its 
inverse. The principal symbol of Cf is thus also everywhere positive definite as desired. □ 

The following result is an important source of superharmonic functions in the theory: 
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Theorem 2.11, Superharmonic Functions 

If 5 ^ is a non-negative real number and g,h G C°°(0) are smooth, strictly convex 
functions such that: 

F(D 2 g) = <f)G(Dg), F(D 2 h) ^ 4>G(Dh) + 5, 

then: 

C g (g - h) ^ -5. 

Proof: By definition: 

F(D 2 g) - (j)G(Dg) = ^ F(D 2 h) - <j)G{Dh) - 5. 

By concavity of F: 

DF(D 2 g)(D 2 g - D 2 h) ^ F(D 2 g) - F(D 2 h). 
By positivity of and convexity of G: 

<f)DG(Dg)(Dh - Dg) ^ cf)G(Dh) - <f)G(Dg). 
Combining the above relations and recalling the definition of C g yields: 

£g{g -h)<. -5, 

as desired. □ 

This allows us in particular to prove the strong maximum principle in the non-linear 
setting: 

Lemma 2.12, Strong Maximum Principle 

Let g,he C°°(0) be strictly convex functions such that F(D 2 h)/G(Dh) ^ F(D 2 g)/G(Dg) 
and let p be a point in O where g — h attains its minimum value. If D(g — h) = at p, 
then (g — h) is constant. 

Remark: In particular, if p is an interior point, then D(g — h) = at p. Thus if (g — h) 
attains its minimum value at any interior point, then it is constant. This is the usual 
formulation of the strong maximum principle. 

Proof: Suppose the contrary, and so g — h is non-constant. We define the function by 
V> = F(D 2 g) /G(Dg) > 0. Then: 

F(D 2 h) - ipG(Dh) ^ = F(D 2 g) - tpG(Dg). 

Thus, by Theorem 2.11 applied with <f> = ip: 

C g (g-h)^0. 

It follows from Hopf's maximum principle (c.f. Lemma 3.4 of [11]) that D(g — h) ^ at 
p. This is absurd by hypothesis, and it follows that g — h is constant as desired. □ 
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2.4 The CNS Technique. 

Let X be a smooth vector field in R n which is tangential to dQ. We define the function 

g eC°°(fi) by: 

g = Xf = Df(X). 

Observe that, by definition, g vanishes along the boundary. In this section, we control 
Cfg. It is not possible to obtain absolute a-priori bounds for this term. Instead, a-priori 
bounds turn out to be best expressed in terms of a function which depends on the data. 
The correct choice of which is the third key point of the CNS technique. We define the 
function A(/) by: 

A(/) = DF(D 2 f)(ld) = Tr(DF(D 2 f)) = -F(D 2 f)Tr((D 2 J)" 1 ). 

The following lemma ensures that fixed multiples of A(/) also bound terms that are already 
known to be bounded by constants: 

Lemma 2.13 

For all f: 

A(/) > 1. 

Remark: Observe that this holds for any concave F homogeneous of order 1 and having 
in addition the property that F(Id) = 1 (c.f the remark following Corollary 2.6. 

Proof: By Corollary 2.6, for all A G T: 

DF(A)(A) =F(A). 

Since F is concave: 

DF(A)(Id -A)^ F(Id) - F(A) = 1 - F(A). 

Thus, by linearity: 

Tr(DF(A)) = DF(A)(ld) 

= DF(A)(ld - A) + DF{A){A) 
^ 1 - F(A) + F(A) 
= 1, 

as desired. □ 

We now control Cfg: 
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Lemma 2.14 

There exists C > which only depends on \\<f>\\o, \\X\\2 and \\f\\i such that if g = Xf, 
then: 

\C f g\^CA(f). 

Remark: Observe that this result only requires the homogeneity of F. The point is that 
since f is a solution of (A), then any derivative of f should satisfy the linearisation of 
this relation (c.f Section 3) modulo lower order terms, which should already have been 
bounded. The non-triviality arises from the fact that Cfg actually involves terms which 
are of second-order in f and which are not therefore bounded a-priori. These terms are 
removed using Corollary 2.6, which as remarked previously, also follows directly from the 
homogeneity of F. 

Proof: By definition of Cf, differentiating in the direction of and recalling that D l f is 
symmetric for all k, we obtain: 

Cffi = o 

Thus, using the summation convention: 

X i C f f i = 0. 

We wish to move X 1 to the other side of Cf. First, define C\ such that for all g: 

C 1 f g = -<pDG(Df)(Dg). 
In other words C\ is the first order component of Cf. We calculate: 

C 1 f{X i f i )-X i C){f i ) = f i C){X i ). 
There therefore exists C\ > which only depends on ||0||c°) II /lie 1 an d H-^Hc 1 sucn t na t : 

\C 1 f(X i f i )-X i C}(f i )\^C 1 . 

We denote B ij = ±F(D 2 f)(D 2 . In other words, B is the matrix of DF(D 2 f). By 
Lemma 2.7, we obtain: 

X*DF(D 2 f)(D 2 f % ) - DF(D 2 f)(D 2 (Xf)) = X*B™f wq - B^X'f^ 

= -B^X\f iq - B^X\f w - B^X\ q fi. 

However, by bearing in mind that / is a solution of (A): 

B pq f ip = -F(D 2 f)S^ = -<j>G{Df)5%. 
n n 

This allows us to eliminate the terms on the right hand side which are of second-order in 
/. We remark in passing that it is at this step that the homogeneity of F is required to 
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ensure that the matrix B has the appropriate form. There therefore exists C 2 > 0, which 
only depends on ||0||o, H-^lh and ||/||i such that 

\X i DF(D 2 f)(D 2 f i ) -DF(D 2 f)(D 2 (Xf))\^ C 2 A(f). 

Combining the above relations, bearing in mind Lemma 2.13 and using the triangle in- 
equality, we deduce that: 

\C f (Xf)\ <: \DF(D 2 f)(D 2 (Xf)) — X i DF(D 2 f)(D 2 f i )\ 

+ \c}(X i f i )-X i C}(f i )\ + \X i (C f f i )\ 

^ d + C 2 A(f) 
<(Ci + C 2 )A(/), 

as required. □ 

We now introduce the first main ingredient of the barrier function used in the CNS tech- 
nique to control g. It is a perturbation of/ — /. By definition, this function is non-negative, 
and by Theorem 2.11, it is superharmonic with respect to £/. We perturb this function 
to be strictly negative away from a given point on the boundary whilst being careful to 
maintain its analytic properties. Thus, for all p G <90 and for all e > 0, we define / P)6 by: 

f P A x ) = f( x ) - 4 x -pf- 



Lemma 2.15 

There exists eo > 0, which only depends on \\<j>\\c°) <K/) an< ^ II /lie 2 such that for all p G dVt 
and for all e < €q: 

c f (f-f p , e )^o. 

Proof: By compactness, there exists eo > which only depends on ||0||o ; 8(f) and ||/||2 
such that for all p G 90 and for all e < eo: 

F(D 2 f PjC ) > 0G(D/ P)£ ). 

The result now follows by Theorem 2.11. □ 

For all p G 90, we define the function d p : O — > R by: 

d p (x) = \\x-p\\. 

This is the second ingredient of the CNS barrier function: 
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Lemma 2.16 

There exists r > which only depends on \\<j>\\o and \\f\\i such that for all p G 90: 

C f d 2 p ^A(f), 

over Q(~]B r (p) . 

Proof: By definition, for all g: 

C f g = DF(D 2 f)(D 2 g) - <f>DG(Df)(Dg). 

When g = for all x: 

\\Dg(x)\\=2d p (x). 

There therefore exists r > which only depends on \\<j)\\o and ||/||i such that for d p (x) < r, 
bearing in mind Lemma 2.13: 

\<j>(x)DG(Df(x))(Dg(x))\ ^ 1 < A(/)(x). 

However, for all x: 

DF(D 2 f(x))(D 2 d 2 p (x)) = DF(D 2 f(x))(2ld) = 2A(/)(x). 

The result now follows by subtracting these two relations. □ 
Lemma 2.17 

There exists C > which only depends on \\(f>\\o, ||AT|| 2 , 5(f), \\fW2 and \\f\\i such that if 
f ^ /, then for all p G 90: 

\\D(Xf)(p)\\^C. 

Proof: Let r be as in Lemma 2.16 and let A be the constant given by Lemma 2.14. Then, 
by Lemma 2.16, for all p G 90, throughout O n B r (p): 

-C f (Ad 2 p )^C f (Xf)<:C f (Ad 2 p ), 

Let eo be as in Lemma 2.15. Observe that for all p G 90: 

/ - fp,e ^ e od 2 . 

Thus, by Lemma 2.15, for all p G 90 and for all B > 0, throughout On B r (p): 
£f(B(f ~ U,e ) ~ Ad 2 ) < C f (Xf) <: C f (-B(f - f p ,J + Ad 2 ). 

For p G 90, d(QC\ B r (p)) consists of two components, being B r (p) Pl90 and Qr\dB r (p). 
Choose B > A/e + ||X||i||/||i/e r 2 . For all p G 90 and for all x G 90: 

(B(f - f p , eo ) - Ad 2 p )(x) >0 =(Xf)(x) 
-(B(f-f p , eo )-Ad 2 p )(x) ^0 =(Xf)(x). 
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Likewise, for all p E <9fi and for all x E ttndB r (p): 



(B(f-f p , eo )-Ad 2 p )(x) >(Xf)(x), 
~(B(f - f P , eo ) ~ Adl){x) ^(Xf)(x). 



We conclude that for all p E dVt and for all x E d(QnB r (p)): 



(B(f-f p , €o )-Ad 2 p )(x)>(Xf)(x)> 



(B(f-f p , eo )-Ad 2 p )(x). 



It thus follows by the maximum principle that for all p E dfl: 



B{f-f p ^)-Ad 2 p >Xf> 



B(f-f p , eo )+Ad 2 p 



throughout QnB r (p). However, by definition: 



(B(f-f P ,e ) 



Ad 2 p )(p) = -(B(f - / p , eo ) - Ad 2 p ){p) = = (Xf)(p). 



Thus, by Lemma 2.2: 



D(Xf)(p)\\ ^ B\\D(f - f p ,J(p)\\ 
= B\\D(f - f)(p)\\ 
<B(\\f\\ c i + \\f\\ c i), 



as desired. □ 

Choose p E <90. Upon applying an isometry of we may suppose that p = and that 
the tangent space to dfl at p is spanned by the vectors ei, e n -\. We thus obtain: 

Corollary 2.18 



Proof: Since D 2 f is symmetric, we may suppose that j < n. For all r, we denote by 
B' r (0) the ball of radius r about in M n_1 . There exists r > and a smooth function 
u : B' r (0) — >] — r, r[ such that dQn(B' r (0)x] — r, r[) coincides with the graph of u. Let 
X £ CQ°(B' r (0)x] — r, r[) be a smooth function of compact support equal to 1 near 0. We 
define the vector field Xj by: 



Observe that Xj is tangent to dfl and that ||^j||2 is controlled by the geometry of O. 
Moreover, (Du) (0) = and so Xj(0, 0) = ej. For all 1 ^ i ^ n: 




\n 3 m ^ wDix^m + i/(o)(^)(o)i = wDiXjfwm, 



and the result now follows by Lemma 2.17. □ 
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2.5 The Double Normal Derivative. 

By Corollary 2.18, it only remains to control the second derivative in the double normal 
direction. This term typically presents a serious difficulty in applications of the CNS 
technique, and often requires a further, lengthy barrier argument (c.f. [3]). In the current 
case, however, a straightforward ad-hoc argument allows this term to be controlled. In 
this section, we continue to use the notation of Corollary 2.18, and we thus aim to control 

|/«n(0)|. 

Lemma 2.19 

Let M be an n x n matrix, let M' be the (n — l)x(n — 1) matrix given by M[- — Mij for 
all 1 ^ i,j ^ (n — 1), and let B > be such that: 

(1) \Mij\ < B for all ^ (n,n) and; 

(2) |Det(M')| > (1/B). 
Then: 

\M nn \ ^ B(Det(M) + B n (n - l)(n - 1)!). 

Proof: Let Adj(M) be the adjugate matrix of M. For all k, Adj(M) nfc is a polynomial in 
the elements of M not including M nn . In particular: 

|Adj(MU| < (n-l)LET- 1 . 

Moreover: 

|Adj(M) nn | = |Det(M')| >B~\ 

Finally, we recall : 

Det(M) = ELi Adj(M) nfc M fcn 

^ M nn Adj(M) nn =Det(M)-Efc=i 1 Adj(M) nfc M nfc 
\M nn \ < B(Det(M) + B n (n- l)(n - 1)!), 

as desired. □ 

It thus suffices to obtain lower bounds for the absolute value of the determinant of 

(fij)l^i,j^(n-l)- 

Lemma 2.20 

Suppose there exists e > such that f n < — e. Then there exists 5 > 0, which only depends 
on e such that: 

| D et((/v)i<i,j<(„_i))| > 8. 

Proof: For sufficiently small r, there exists u : B' r (0) — > R such that the intersection of 90 
with B' r (0)x] — r, r[ coincides with the graph of u. Observe that, by definition, Doo(0) = 0. 
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Moreover, since O is strictly convex, so is u. Consider the function f'(x) = f(x,u(x)). 
Since this function is identically 0, by the chain rule, for all 1 ^ i,j ^ (n — 1): 

fij + fn^ij = fij = 0, 

and so: 

|Det((/y)i^,^(n-i))| > e n_1 \Bet(uij)\ . 
There therefore exists 5 > which only depends on e and the geometry of Q such that: 

| D et((/ij)i^,^( n -i))| > 5, 

as desired. □ 

We now employ an ad-hoc barrier argument in order to bound f n from above: 
Lemma 2.21 

There exists 5 > such that f n (p) < —5. 

Proof: We decompose M. n as the product M n_1 x KL There exists r > 0, which only 
depends on the geometry of Q such that B r ((0,r)) is contained within O. For all 5 > 0, 
we define h s E C°°(S r ((0, r))) by: 

h 5 (x)=d\\x-(0,r)\\ 2 -dr 2 . 

Observe that that: 

F(D 2 h ) - (j)G(Dho) < 0, 

and so, by continuity, there exists 5 > which only depends on r such that throughout 
S r ((0,r)): 

F(D 2 h s ) - (PG(Dhs) < = F(D 2 f) - 4>G{Df). 
Moreover, for all x G dB r ((0,r)): 

(h s -f)(x) = -f(x)>0. 

Thus, by the maximum principle (Lemma 2.12), h§—f ^ throughout B r ((0, r)). However: 

h s (0) = = f(0), 

and so, by Lemma 2.2: 

/ n (0) ^ (d n h s )(0) = -2Sr, 

as desired. □ 
We conclude: 
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Theorem 2.22 

There exists C > which only depends on \\<f>\\c°> WfWc 2 an d WfWc 1 sucn that if 

f ^ / then, for all x G <90: 

\\D 2 f{x)\\^C. 

Proof: Upon applying an affine isometry, we may suppose that x = and that the 
tangent space to <9fi at is spanned by the vectors ei,...,e n . By Corollary 2.18, there 
exists C\ > which only depends on ||0||o, 8(f), H/lh and ||/||i such that if / ^ / then, 
for all (i, j) 7^ (n, n): 

By Lemma 2.21, there exists 5\ > such that: 

/n(0) < 

By Lemma 2.20 there exists 5 2 > which only depends on 81 and C\ such that: 

iDetCC/yCO))!^-^-!))! >* 2 . 
By Lemma 2.19, there exists C 2 > Ci, which only depends on 5 2 and Ci such that: 

|/nn(0)KC 2 . 

We conclude that ||D/(0)|| ^ C 2 as desired. □ 
2.6 Boundary to Global. 

Global second-order bounds are obtained by applying the maximum principle with the 
help of an auxiliary function, the existence or otherwise of which often determines over 
which domains the Plateau Problem may be solved. 

Let Ai, A n : O — > H. be such that, for all x, < Xi(x) ^ ... ^ A n (x) are the eigenvalues 
of D 2 f(x). The functions Ai, ...,A n are continuous, but they are not necessarily smooth. 
In order to apply the maximum principle, we therefore introduce the following definition: 

Definition 2.23 

Let U C MJ 1 be an open set, let L be a second-order, linear, partial differential operator 
defined over U , let f : U — >■ K. be a continuous function and let g : U x M. n — > M. be any 
other function. We say that (Lf)(x) > g(x, Df(x)) in the weak sense whenever for all 
x e U, there exists a smooth function ip such that: 

(1) <p(x) = f(x); 

(2) cp *C /; and 

(3) {L<p){x) > g{x,D<p{x)). 

Remark: The informed reader with notice similarities with the concept of viscosity su- 
persolutions (c.f [8]). Definition 2.23 however yields a stronger property, since the latter 
does not assume the existence of smooth test functions at every point. 

The weak maximum principle applies to functions which are subharmonic in the weak 
sense: 
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Theorem 2.24 

Let L be a second-order, elliptic, linear, partial differential operator over O with vanishing 
zeroeth order coefficient. Let f : O — > K. be a continuous function. If Lf > in the weak 
sense over O, then: 

Sup/(x) ^ Sup f(x). 

Remark: Observe that we make no assumption concerning the regularity of the coefficients 
of L. Stronger maximum principles can be shown in the usual manner provided further 
regularity on these coefficients. This is however not necessary for our purposes. 

Proof: L is of the form: 

Lg(x) = a ij (x)D 2 g(x) ij + b i (x)Dg(x) i , 

where, by hypothesis, a*- 7 > 0. Since O is compact, / attains its maximum at some point 
xo G O say. We claim that x G dfl. Indeed, suppose the contrary. Since Lf > in the 
weak sense, there exists a smooth function (p : Q, — >■ R such that (p(x) ^ f{x) for all iffi, 
<f(x ) = f(x ) and: 

(L<p)(x ) >0. 

However, since / attains its maximum at x$, so does <p. Thus: 

D 2 <p(x ) ^ 0. 

Since L is elliptic, this implies that (Lg)(x ) ^ which is absurd and the result follows. □ 
We denote B** = ±F(D 2 f)(D 2 f- 1 )* . We recall: 
Lemma 2.25 

If g : O — > R is a smooth, positive function. Then: 

£/Log(#) = -C f g- B lJ diLog(g)djLog(g). 

Proof: By the chain rule: 

DLog(g) = -Dg, (D 2 Log(^))^ = ^(D 2 g) ZJ - (DLog(g))i(DLog(g))j. 

Since DF(D 2 f) and DG(Df) are linear, this yields: 

C f Log(g) = DF(D 2 f)(D 2 Log(g)) - cPDG(Df)(DLog(g)) 

= \DF(D 2 f)(D 2 g) - jj(f)DG(Df)(Dg) - DF(D 2 f) ij (DLog(g))i(DLog(g))j 
= C f Log(g) - DF(D 2 f) ij (DLog(g))i(DLog(g))j, 

as desired. □ 



24 



The Plateau Problem for Gaussian Curvature 

Lemma 2.26 

There exists C > 0, which only depends on \\(f>\\2, \\f\\i and Inf x6 ^ (p(x) such that for over 
O: 

£/Log(A n ) ^ -C + J B^'(^Log(A n ))(a j Log(A n )), 

in the weak sense. 

Remark: The utility of this result lies in the positivity of the second term. This property 
essentially follows from the convexity and ellipticity of F (c.f the remark following Lemma 
2.7). We invite the reader to observe at what stages this plays an important role in the 
sequel. 

Proof: Choose x G O. By applying an isometry, we may assume that e\,...,e n are the 
eigenvectors of D 2 f(x) corresponding to the eigenvalues Ai(/)(x), X n (f)(x) respectively. 
We define the function / = f nn . Observe that / is smooth, / ^ f nn and l(x) = f nn (x). It 
thus suffices to prove the desired relation for / at x. Differentiating (A) twice in the e n 
direction at x yields: 

DF(D 2 f(x))(d n d n D 2 f(x)) + D 2 F(D 2 f(x))(d n D 2 f(x),d n D 2 f(x)) 
= <t> nn (x)G(Df(x)) + 2<j> n {x)DG{Df{x)){d n Df{x)) 

+c/ ) (x)DG(Df(x))(d n d n Df(x)) + c/ ) (x)D 2 g(Df(x))(d n Df(x),d n Df(x)). 

Since the derivatives of / are symmetric, since G is convex and since 4> is positive, recalling 
the definition of £/, this simplifies to: 

(£fl)(x) > (j> nn (x)G(Df(x)) + 2cj> n (x)DG(Df(x))(Df n (x)) 
-D 2 F(D 2 f(x))(D 2 f n (x),D 2 f n (x)). 

However, by Lemma 2.7, since all the eigenvalues of D 2 f(xo) are positive: 

— (D 2 F)(D 2 f(x))(D 2 f n (x),D 2 f n (x)) > iF{A)^ Tj^if^x) 2 

= 2\ n (x)J2 iJ B i i(d i Log(f nn (x))(d j Log(f nn (x)) 
= 2/ Ei,j ^'(a i Log(/(a:))(c> J Log(/(x)). 

There therefore exists C\ > which only depends on \\(p\\2 and ||/||i such that: 

C f l(x) ^ -C 1 + 2B^(x)(d i Log{l)(x)(d J hog{l)(x)). 

Thus, by Lemma 2.25: 

£ / Log(/)(x) ^ -C 1 // + ^'(x)(c> l Log(/)(x)(c> J Log(/)(x)), 

However, bearing in mind Lemma 2.9 and the definition of G: 

I = A n (/) > ~Tr(D 2 f) > F(D 2 f) = cf>G(Df) > cf>. 
n 

There therefore exists C2 > which only depends on ||</>||2, \\f\\i and Inf x6 ^ (p(x) such 
that: 

£/Log(0(x) > -C 2 + B i \x)(d i Log{l){x)(d j Log(l){x)), 

as desired. □ 
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Theorem 2.27 

There exists C > which only depends on \\(f>\\2, lnf xe ^(j)(x), 5(f), \\fW2, \\f\\i & n d such 
that if f ^ / then: 

Wfh^c. 

Proof: We recall from Theorem 2.11 that: 

Cf(f-f)<-s(f). 

Let C be as in Lemma 2.26. Then, for A > C/S(f): 

£ / (Log(A n (/))-i4(/-/))>0, 
in the weak sense. It follows from Theorem 2.24 that: 

Sup x ^(Log(A n (/))(x) - A(f - f)(x)) < Sup x6an (Log(A n (/)(x)) - A(f - /)(*)) 

= Sup x(E(9f2 Log(X n (f))(x). 

Thus: 

SupA n (/)(x) ^ Sup Log(A n (/))(x) + ASup(/ - f)(x). 

Upon taking the exponential, it follows from Theorem 2.22 that there exists C > which 
only depends on ||</>|| 2 , Inf x6 ^ </>(>), 8(f), \\f\\ 2 and ||/||i such that: 

||A n (/)IU~ <C. 

In particular: 

ll/l|2=||/||l + |p 2 /ll^^ll/l|l + C, 

as desired. □ 

2.7 Higher Order Bounds. 

We observe that, up to this point, we have obtained a-priori C 2 bounds for solutions of 
(A) satisfying / ^ /. We describe in this section the general principals required to obtain 
a-priori bounds of arbitrary order. 

We first show how a-priori C k bounds are obtained for all k provided we have already 
obtained a-priori C 2+a bounds for some a > (Holder spaces and Holder norms will be 
introduced and discussed in more detail in Section 3.4). Let M be a compact manifold with 
boundary, let U be an open subset of © 2 =1 Symm(i, R n ) and let $ : M x O x U — > R be a 
smooth function. We consider the manifold M as the parameter space for a smooth family 
of functions from Ox U into R. For all f € ©| =0 Symm(z, R n ), we define U$ C Symm(2, lR n ) 
by: 

U i = {A e Symm(2, R n ) | (f , A) e U} , 

and for all (p, x, £) e M x Tt x ©| =0 Symm(z, R n ), we define $ p ,x,£ : U% ->■ R by $ X)P)? (A) = 
x, f , A). As in Section 2.2, for all (p,x,£,A) e MxCxUxT, we identify D^p^f^) 
with an element of Symm(2,R n ). We say that $ is elliptic whenever D^ xp ^(A) is 
positive-definite for all (p, x, A) e M x Q x U . The following result encapsulates much 
of classical Schauder Theory (c.f. [11]): 
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Theorem 2.28 

If $ is elliptic, then for every compact subset K C U, for every (p G C°°(<9fi), for all 
B > 0, for all a g]0, 1] and for all k G N, there exists C > such that if p is a point in 
M and if g : Q — > H. is a smooth function with the properties that \\g\\2+ a ^ B, g\dn = f, 
J 2 (g)(x) G K for all x G O, and $(p, x, J 2 g(x)) = for ail a; G O, then ||#||fc ^ C. 

We now show how a-priori C 2+Ct bounds are obtained from a-priori C 2 bounds. Let M be 
a compact manifold with boundary, let U be an open subset of ©J =0 Symm(z, IR n ), and let 
$:MxS]x[/xr4lbea smooth function. As before, for all (p, x, £) G M x O x £7, 
we define $ p ,x,£ : T — x IR by = <E>(x, £,A). The following result is a special case 

of Theorem 1 of [3]: 

Theorem 2.29 

Suppose that $ is elliptic and that for all (p, x, £) G Mxfix £/, & P ,x,£ is concave. Then for 
every (p G C°°(<9fi), for all B > 0, there exists a g]0, 1] and C > such that if p is a point 
in M and if (7 : Q — x M is a smooth function with the properties that \\gW2 ^ -B, g\dQ. = <P, 
J 2 g(x) eU xT for all x e fl, and $(», x, J 2 g(x)) = for ah xGil, then ||#||2+a ^ C- 

We now return to the case where: 

d>(p, x, (t, £, A)) = - 0(p, x)G(p, 0, 

where > 0, G > 1 and £ h-x G(p, £) is concave for all p. 
Theorem 2.30 

Let (pm)men he a sequence of points in M and let (/ m ) m gN) (/m)m€N e Co°(^) oe strictly 
convex functions such that for all m, f m ^ / m and for ah x G fi: 

$(p m , x, J 2 f m ) ^ = $(p m , x, J 2 /m)- 

If there exists Xq G M towards which (x m ) m eN converges and /oo G Co°(0) towards 
which (/ m ) m gN converges in the C°° sense, then there exists foo G Cg°(0) towards which 
(/m)m€N subconverges in the C°° sense. 

Proof: By Lemma 2.1 and 2.3, there exists Ci > such that for all m, ||/ m ||i ^ Ci- By 
Theorem 2.22, there exists C 2 > such that, for all m, ||/ m ||2 ^ C 2 . By Lemma 2.5, $ 
is convex. By Corollary 2.8, 3>( p ,x,(t,£) is concave for all (p,x, (£,£)). There, by Theorem 
2.29, there exists a > and C2+Q > such that, for all m, ||/ m ||2+a ^ C*2+a- By Theorem 
2.28, for all k G N, there exists > such that, for all m, ||/ m ||fc ^ It follows by the 
classical Arzela-Ascoli theorem (c.f. Theorem 11.28 of [17]) that there exists G Cg°(0) 
towards which (/ m ) m( =N subconverges as desired. □ 
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3 



Degree Theory 



We develop a topological degree theory for smooth mappings between open subsets of 
Banach spaces. Used in conjunction with Theorem 2.30, this yields the first main result of 
this text, being Theorem 1.4, which proves the existence of unique solutions to the Plateau 
problem for gaussian curvature in the case of graphs. This result itself is an important 
ingredient of our stated objective, being the proof of Theorem 1.2, which solves a general 
Plateau problem for hypersurfaces of constant gaussian curvature in Euclidean Space, and 
which we will return to in Chapter 5. 

The topological degree theory we use dates back to Smale (c.f. [21]) and requires a fairly 
in-depth detour into functional analysis. A complete exposition of the required background 
material would take us too far afield, and we therefore quote a number of results without 
proof. We hope that this will not obscure too much the main ideas, and we refer the 
interested reader to the numerous excellent introductions to functional analysis (c.f. for 
example [1], [17] and [18]) for more information. Of particular interest is Theorem 3.7, 
which constructs a Z2 valued differential-topological degree for the zero set of a given 
smooth function between Banach spaces. We underline that although we do not appeal 
directly to [21], our argument, which uses first a finite dimensional reduction, and then 
the classical Sard's Theorem, follows exactly Smale's reasoning. We encourage the novice 
reader to study in detail this approach, as it clarifies the main ideas of Smale's result 
which, moreover, is often too specific as stated to be applied in many settings of interest 
in present-day mathematics. 

3.1 Smooth Mappings and Differential Operators. 

Let E and F be two normed vector spaces. We denote by Lin(£', F) the space of bounded 
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linear maps from E into F. Observe that Lin(.E, F) is also a normed vector space with 
norm given by: 



U\\= Snp 




xeE\{o} \\ x \\ 

for all A G Lm(E,F). Let U be an open subset of E and let $ be a mapping from U 
into F. For x£ (7, we say that $ is different iable at a; whenever there exists a bounded 
linear map A : E F such that: 

Lim TT ^ TT ||$(a; + y) - - Mv)\\ = °, 
!/->0 ||y|| 

where y varies over all vectors in E \ {0} having the property that x + y G U. We refer to 
A as the derivative of $ at x. Whenever the derivative exists, it is unique, and we denote 
it by D$(x). 

Remark: This definition only differs from the finite dimensional version by the insistence 
that the derivative be bounded. Importantly since Lin(i?, F) is also a normed vector 
space, this allows us to iterate the concept of differentiability and thus consider derivatives 
of arbitrarily high order. In the finite dimensional case, this condition is unnecessary, since 
it follows from local compactness that all linear maps between finite dimensional vector 
spaces are bounded anyway. 

We say that a function <E> : U — > F is C 1 whenever D<& exists at every point of U and 
defines a continuous function from U into Lin(E, F). We define inductively the notion of 
higher order differentiability, and we say that $ is C k whenever D$ exists at every point of 
U and defines a C fc_1 function from U into Lin(.E, F). We say that $ is smooth whenever 
it is C k for all k G N. 

As in the finite dimensional case, smooth maps are constructed using the following rules: 

Chain Rule: Let E\, E<i and E3 be normed vector spaces. Let U\ and U2 be open subsets 
of Ei and E 2 respectively and let $ : U\ — > U2 and * : U2 — > E s be smooth mappings. 

Theorem 3.1 

\1/ o $ is smooth and its first derivative is given by: 

D(V o $)(x)(y) = D-$($(x))(D$(x)(y)). 

Direct sums: Let E, Fi,...,F n be normed vector spaces. Let U be an open subset of E 
and for 1 < i ^ n, let ^ : U — > F t be a smooth mapping. 

Theorem 3.2 

$ = ($1, $ n ) defines a smooth mapping from E into F± © ... © F n and its first derivative 
is given by: 

D$=(D$ 1 ,...,D$ n ). 

Multilinear forms: Let Ei, E n and F be normed vector spaces. Let $ : Ei®...®E n — > 
F be a bounded, multilinear map. 



30 



The Plateau Problem for Gaussian Curvature 

Theorem 3.3 

$ is smooth and its first derivative is given by: 

D$(x u x n )(V u V n ) = &(V 1 ,x 2 , x n ) + ... + $( X\, X n —\, vg. 

Remark: Observe in particular that the product rule is a corollary of Theorems 3.1, 3.2 
and 3.3. 

3.2 Banach Spaces. 

Let E be a normed vector space. We say that E is a Banach space whenever it is 
complete. This extra hypothesis yields the inverse function theorem (c.f. [17]): 

Theorem 3.4, Inverse Function Theorem 

Let E and F be Banach spaces. Let U be an open subset of E and let $ be a smooth 
mapping from U to F. If DQ(x) is invertible at some point x G U, then there exist 
neighbourhoods V of x in U, W of <&(x) in F and a smooth mapping \I> : W — > V such 
that W = $(V) and: 

* o $ = Id, $ o = Id. 

Let E be a Banach space. Let X be a subset of E. For n G N, we say that X is an n- 
dimensional submanifold of E whenever there exists a Banach space F with the property 
that for all x G X, there exist neighbourhoods U of x in E and V of (0, 0) in M n x F and 
a smooth mapping $ : U — > V with smooth inverse such that <E>(X D U) = (M. n x {0}) H V. 
We refer to the triplet (<E>, [/, V) as a trivialising chart of X about x. 

Remark: We make no assumption concerning the separability neither of E nor of X. 

Lemma 3.5 

Let E be a Banach space. Let X be a finite dimensional submanifold of E and lete:X^E 
be the canonical embedding. If X is separable, then X is a smooth finite-dimensional 
manifold, and e : X — > E is a smooth mapping. 

Proof: Since X is a subset of a Hausdorff space, it is also Hausdorff. Moreover, by hypoth- 
esis, it is separable. It thus suffices to construct a smooth atlas of charts for X. Choose 
x G X and let ($>,U,V) be a trivialising chart of X about x. We denote (p = &\ X nin 
U = X fl U and V = (M n x {0}) fl V. We see that (cp, U, V) defines a homeomorphism from 
an open subset of X to an open subset of W 1 . We claim that the family of all such charts 
constitutes a smooth atlas for X. Indeed, choose x' G X, let (<&', U', V') be a trivialising 
chart of X about x' and denote <p' = &\ Xn fj„ U' = X DU' and V = (W 1 x {0}) DV'. 
Observe that U n U' = U n U' n X and: 

<P' ° if'^Uunu') = & ° (Ol^nc/'nx)- 
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In particular, the transition map is smooth. Since x and x' are abitrary points in X, we 
deduce that the set of all such charts constitutes a smooth atlas as desired. Finally, in the 
chart (ip, U, V), the canonical immersion coincides with tp~ l . However: 

V?" 1 =$- 1 \v, 

and this map is smooth, as desired. □ 

Let E and F be two Banach spaces. Recall that a bounded linear mapping A G Lin(i?, F) 
is said to be Fredholm whenever it has closed image and both its kernel and its cokernel 
are finite dimensional. We define the index of a Fredholm mapping by: 

Ind(A) = Dim(Ker(A)) - Dim(Coker(A)). 

Let U be an open subset of E and let $ be a smooth mapping from U into F. We say 
that $ is Fredholm whenever D$>(x) is a Fredholm mapping for all x G U. Recall that 
the linear Fredholm mappings constitute an open subset of Lin(i?, F) and that two linear 
Fredholm mappings in the same connected component have the same index. It follows 
that if U is connected, then Ind(D<&(x)) is independant of x in U and we therefore refer 
to it as the index of the mapping In addition, we recall that the set of surjective linear 
Fredholm mappings constitutes an open subset of Lin(.E, F). This is relevant to situations 
where we apply the following submersion theorem: 

Theorem 3.6 

Let E and F be two Banach spaces. Let U be an open subset of E and let $ : U — >■ F 
be a smooth, Fredholm map. If is surjective for all x G $ _1 ({0}), then $ _1 ({0}) is a 
smooth Ind($) -dimensional submanifold of E. 

Proof: Indeed, choose xq G $ _1 ({0}). Let Ker(D$(xo)) be the kernel of D<&(xq). 
Since D<&(xq) is Fredholm and surjective, Dim(Ker(D$(xo))) is equal to Ind($). By 
the Hahn-Banach theorem (Theorem 5.16 of [17]), the identity map Id : Ker(D$(xo)) — > 
Ker(D$(xo)) extends to a bounded, linear projection ir from E onto Ker(D$(xo)). We 
define the mapping $ : U ->■ Ker(D$)(x ) x F by 3>(x) = (ir(x — xo), $(x)). By Theorems 
3.2 and 3.3, $ is also smooth, and for all vectors y G E, D3>(xo)(y) = (7r(y), D3>(xo) (y))- In 
particular, D<&(xq) is bijective. By the open mapping theorem (c.f. Theorems 5.9 and 5.10 
of [17]), DQ(xo) is invertible with bounded, linear inverse. It follows from Theorem 3.4 that 
there exist neighbourhoods U of xq in E and V of (0, 0) in Ker(D$(xo)) x F and a smooth 
mapping * : V ->■ U such that $(U) = V, l>o\I> = Id and = Id. To conclude, it suffices 
to show that $(X n U) = (Ker(D§(x )) x {0}) n V. However, if x G X n U then = 
and so l>(x) G (Ker(D$(x )) x {0}) D V. Conversely, if (y,0) G (Ker(D$)(>o) x {0}) nF, 
then, denoting x = ^(y, 0), we find that $(x) = $ o 0) = (j/, 0) and so (y, 0) G Im($). 
It follows that the two sets coincide as desired. □ 
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3.3 Degree Theory. 

Let E be a finite dimensional vector space and let F\ and F 2 be Banach spaces. Let U 
and V be open subsets of E and F\ respectively, and let <E> : U x V — > F 2 be a smooth 
Fredholm mapping whose index is equal to the dimension of E. Let II : E x F\ — > E be 
the projection onto the first factor. By Theorem 3.3, IT is a smooth mapping. We define 
the solution space of <E> by: 

Z = {(x,y) EExFr | <f>(x,y) = Q}. 

We denote by II_h the restriction of the mapping IT to Z. Observe that if D<&(x,y) is 
surjective for all (x, y) G Z then, by Theorem 3.6, Z is a smooth, finite-dimensional 
submanifold of E x F\ of dimension equal to lnd($) = Dim(E') . We consider the topological 
degree of the mapping Hz- 

Theorem 3.7, Differential Topological Degree 

If $ is smooth and Fredholm, if D<&(x,y) is surjective for all (x,y) G Z, and if Hz is 
proper, then there exists an open, dense subset U' C U with the property that, for all 
x G U' , 11^ ({a;}) is finite. Moreover, for all x,y G U': 

\Tlz 1 ({x})\ = \Tlz 1 ({y})\ Mod 2. 

Proof: Denote n = Dim(i?) = lnd($). Since $ is smooth and Fredholm, and since D<& is 
surjective at every point of Z = $ _1 ({0}), by Theorem 3.6, Z = $ _1 ({0}) is a smooth, n- 
dimensional submanifold of E x F\. Since U is an open subset of a finite dimensional vector 
space, U is separable. Since 11^ : Z — > U is proper, Z is also separable. By Lemma 3.5, Z 
is therefore a smooth, n-dimensional manifold and the canonical embedding e : Z — > E is 
a smooth mapping. In particular, II_h = IT o e is also smooth. 

We now apply standard differential topological techniques to the mapping II^. We use 
the terminology of [13]. We define U' to be the set of regular values of 11^. If x G U', 
then Il^dx}) is discrete, and since II^ is proper, this set is compact and therefore finite. 
Moreover, since II_h is a smooth, proper mapping, by Sard's Theorem (c.f. [13]), U' is open 
and dense, and the first assertion follows. 

Now choose x,y G U' and let 7 : [0, 1] — >■ U be any smooth, embedded curve such that 
7(0) = x and 7(1) = y. By genericity (c.f. [13]), there exists another smooth, embedded 
curve 7' : [0, 1] — >■ U which we may choose as close to 7 as we wish in the C°° sense with the 
property that 7'(0) = 7(0) = x, 7'(1) = 7(1) = y and 7 is transverse to IIh. If we denote 
by r' C U the image of 7', then, by transversality, II^ 1 (r / ) is a smooth, 1-dimensional, 
embedded, submanifold of Z with boundary given by: 

dU-\T') = U- 1 ({x})UU- 1 ({y}). 

Since II^ 1 is proper, II^ 1 (r / ) is compact, and therefore has an even number of boundary 
components. Thus: 

\U-\{x})\ + \U-\{y})\ = Idn-^m = Mod 2, 

as desired. □ 
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3.4 Holder Spaces and Holder Norms. 

Let £ be a finite dimensional normed vector space. For a g]0, 1] we denote by [-] a the 
Holder semi-norm over C°(0, E) of order a. That is, for all / G C°(Q, E): 

lf]a = Sup M^ilMl. 

, ^77 \\x — y\\ a 

In the case where / is continuously differentiable, the convexity of Q yields an explicit 
formula for [/] i : 

Lemma 3.8 

For all continuously differentiable f G C°(fi, E): 

[/]i = P?/IU~ 



Remark: In general, for a compact set O with rectihable boundary, [f]i < C(Q,)\\Df\\L°°, 
where C ^ 1 depends on the geometry of O. In fact, convex sets are characterised amongst 
all compact sets with rectiGable boundary by the property that C(Q) = 1. 

Proof: Choose x ^ y G O. Since O is convex (1 — t)x + ty G O for all t G [0, 1]. Thus, 
bearing in mind the Cauchy-Schwarz inequality: 

11/ (</) " f(x)\\ = || £ Df((l - t)x + ty)(y - x)dt\\ 
^fo\\Df((l-t)x + ty)(y-x)\\dt 
^ti\\Df((l-t)x + ty)\\\\y-x\\dt 
^ \\Df\\ L ~\\y-x\\. 



Thus, for all x ^ y G O: 



\\y- x \\ 



It follows upon taking the supremum over all x ^ y G O that [/]i ^ ||L>/||^oo. Conversely, 
for all x G O and for any vector X G W 1 there exists e > such that x + tX G O for all 
t g] — e, e[. Thus, bearing in mind that x i— >• ||x|| is a continuous function of M. n : 

\\Df(x)(X)\\ = \\Um t ^ ±(f(x + tX)-f(x)\\ 
= Lim t _> \\l(f( x + tX)-f(x))\\ 
^lf]i\\X\\- 

Thus: 

p/(x)||= Sup \\Df(x)(X)\\/\\X\\ ^ 

X6M™\{0} 

By continuity, this relation also holds when a: is a boundary point of O, and it now follows 
by taking the supremum over all x G O that ||-D/||l°° < [/]i. We conclude that [/]i = 
||.D/||l°° as desired. □ 
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For all A = k + a g]0, oof, where k G N and a g]0, 1], we denote by || • ||a the Holder 
norm over C fc (0) of order A. That is, for all / G C fc (0): 

ll/IU = E ll^/IU- + [D*/]a- 

For all A = k + a g]0, oo[ where G N and a g]0, 1], we denote by C A (fi) the space of 
all functions / G C fc (0) such that ||/||a < oo. We refer to C A (fi) as the space of A times 
Holder differentiable functions over Q. 

We recall the classical Arzela-Ascoli theorem which we state in the following form (c.f. 
[17]): 

Theorem 3.9, Arzela-Ascoli 

Choose A g]0,oo[ and let (/ m ) m gN oe a sequence of functions in C A (fi). If there exists 
B > such that ||/ m |U < B f° r a ^ m > then there exists /oo G C A (fi) such that ||/oo||a < B 
and (/ m )neN subconverges to /oo iu the norm for all fi g]0, A[. 

In particular, this yields: 

Lemma 3.10 

For all A g]0, oof, (C A (0), || • ||a) is a Banach space. 

Proof: Choose A > and let (/ m ) m gN be a Cauchy sequence of functions in C A (0). We 
need to show that (/ m ) n eN converges in C A (0). For all z G N, we define the subset Fj of 
C A (0)by: 

*i = {/m | m > z} , 

and for all i, we define <ij to be the diameter of Fj. Since (/ m ) m gN is a Cauchy sequence, 
the sequence (di)igN converges to 0. 

By Theorem 3.9, there exists a subsequence (mi)jgN an d a function /oo in C A (f}) such that 
(ZmJieN converges to /oo in the C M norm for all /i < A. Moreover, we may assume that 
nii ^ i for all i. Consequently, for all i and for all j > i, f m . G Fj and so: 

|| /m, - /i|| < 

Choose i G N. By Theorem 3.9, there exists g G C A (0) such that ||<7||a ^ di and (/ mj — 
fi)jen subconverges to g in the C M norm for all \i < A. However, by definition of (mj)j 6 N 5 
(/ mj — /i)jeN also converges to (/oo — f%) in the C M norm for all fx < A. It follows that 
g = foo-fi- In particular, ||/oo-/i|U = \\g\\\ ^ and we conclude that (/i)i<=N converges 
to /oo as desired. □ 

For all A g]0,oo[, we denote by Cq(Q) the linear subspace of C A (0) consisting of those 
functions which vanish along the boundary. 
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Lemma 3.11 

For all A g]0, oo[, Cq(0) is a closed subspace of C A (fi). In particular, it is a Banach 
subspace. 

Proof: Choose A g]0, oo[ and let (/ m ) m gN be a sequence of functions in Cq (Q) converging 
to the function in C X (Q). Observe that (/ m )meN converges to /oo pointwise, and thus, 
for all x G dil: 

foo{x) = Lim f m (x) = 0, 

as desired. □ 

We leave the reader to verify that for all A ^ fx, C M (0) (resp. Cq (O)) canonically embeds 
as a subspace of C A (fi) (resp. Cq (O)). Moreover, this embedding is continuous and if 
A < fx, it is also a compact mapping. In addition: 

c°° (O) = A n Q c x (fi) , c °° (O) = A n Q c A (fi) , 

and, moreover, a sequence (/ m ) m gN m C foo (n) (resp. Cg°(0)) converges to a limit /oo in 
C°°(0) (resp. Cq°(0)) if and only if it converges to /oo in the C x norm for all A > 0. 

3.5 Smooth Mappings of Holder Spaces. 

Let E be a finite dimensional vector space and let U be an open subset of E. For all 
A > 0, we denote by C A (0, U) the open subset of C A (f2, E) consisting of those functions 
g having the property that g(x) G U for all x G O. Let F be another finite dimensional 
vector space and let : Q x U — > F be a smooth mapping. We define the mapping 
$ : C°(0, *7) ->■ C°(0) by = /(x)). Together with Theorems 3.1, 3.3 and 3.2, 

the following result allows us apply the techniques of the preceeding sections to almost 
every function that we may encounter. 

Theorem 3.12 

For all A > and for all g G C A (0, U), <&(g) G C A (0). Moreover, $ defines a smooth 
mapping from C x (£l, U) into C X (Q), and: 

D<S>(g)(h)=D 2 <p(g)(h), 

where D2<p is the partial derivative of <fi with respect to the second component. 

Remark: Importantly, whilst post-composition by a smooth mapping defines a smooth 
mapping of Holder spaces, precomposition by a smooth mapping does not. Indeed, if 
4> : O — > O is a smooth diffeomorphism, then although g o G C A (0) for all g G C A (0), 
the mapping g i->- g o is not even continuous with respect to the C x norm. 

For all k and for all A, consider the function J k : C x+k (Q) ->■ C A (0, ©f =0 Symm(i, R n )) 
given by J k {f)(x) = (J k f)(x), where we recall that J k f is the fc-jet of / (c.f. Appendix 
A)- 



36 



The Plateau Problem for Gaussian Curvature 

Lemma 3.13 

For all k and for all A, J k is a smooth mapping and DJ k {g){h) = J k h. 

Remark: At first glance this result often surprises, as one usually expects the derivative 
of the derivative mapping to yield the second derivative. We underline that in the context 
of Banach spaces, the derivative mapping is a bounded linear map in its own right. 

Proof: Indeed, J k is bounded and linear. The result now follows from Lemma 3.3. □ 

Let U be an open subset of © 2 =0 Symm(i, W 1 ). For all A ^ 2, we define Uq (O) to be the 
set of all functions g in Cq (O) having the property that J 2 g G U. Let E be any finite 
dimensional vector space and let F : E x O x U — > R be a smooth function. We define the 
mapping T : E x U 2 (U) C°(0) by F(p, g){x) = F(p, x, J 2 g(x)). 

Lemma 3.14 

For all A g]0,oo[ and for all (p,g) e E x U^ +2 (U), ^(p^) G C A (fi). Moreover, J= defines 
a smooth mapping from E x Uq +2 (VL) into C A (fi) and its partial derivative with respect 
to the second component is given by: 

D 2 T(p,g)(h) = D 3 F(p,x,J 2 g)(J 2 h). 

Proof: Choose (p,g) G £xW A+2 (fi). Then (p, J 2 g) G Ex C A (i\© 2 =0 Symm(i, R n )). Thus, 
by Theorem 3.12, Fip^g) = F(p, x, J 2 g) is an element of C A (fi) as desired. By Lemma 
3.13, Theorem 3.12 and the chain rule (Theorem 3.1), J 7 defines a smooth mapping from 
E x Uq +2 (Q) into C A (fi) and: 

D 2 T(p,g)(h) = D 3 F(p,x, J 2 g){J 2 h), 

as desired. □ 

Thus, for all A > 0, we think of J 7 as a smooth family of mappings sending Wq +2 (0) into 
C A (0) parametrised by E. 

Observe that for all (g,h) G E x W A+2 (0), D 2 J r (g,h) is a second-order, linear, partial 
differential operator from Cq +2 (Q) into C A (0). 

As in Section 2.7, for all f G ©] =0 Symm(«,l n ), we define U{ C Symm(2,M n ) by: 

f/ c = {iGSymm(2,r) | &A)eU}, 

and for all (p,x,^) E E x Q x ©| =0 Symm(z, lR n ), we define F PjX ^ : ^ R by: 

F p , x ,z(A) = F(p,x,Z,A). 

We say that F is elliptic whenever DF PjX ^(A) is positive-definite for all (p,x,£,A) G 
ExUxU. 
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Lemma 3.15 

If F is elliptic, then D 2 J r (p, g) is an elliptic operator for all (p, g) E E x Uq (f2). 

Proof: We denote by D3F the partial derivative of F with respect to the third factor. By 
Lemma 3.14, for (p,g) EEx U x+2 (U), for h E C X+2 (U) and for x E 0: 

D 2 T(p,g)(h)(x) = D 3 F(p,x, J 2 g(x))(J 2 h(x)) = DF P;X (J 2 g(x))(J 2 h(x)). 

Let cr2(D2J : (p,g))(x) be the principal symbol of the operator D2J-(p,g) at the point x 
(c.f. [10]). If we denote by D 3 F PjX the partial derivative of F PjX with respect to the third 
component, then, for all £ E M. n : 

a 2 (D 2 F(p,g))(x)(Z,0 = (D 2 F P}X (J 2 g(x))r^j. 

By definition of ellipticity for F, (D 2 F P7X (J 2 g(x))) is positive definite. The principal 
symbol of D 2 J r (p, g)(x) is therefore also positive definite, and since x E O is arbitrary, we 
deduce that D 2 J r (p, g) is an elliptic operator as desired. □ 

Observe that the reasoning of the previous chapter only applies to solutions which are 
already known to be smooth. In particular, it does not apply to arbitrary solutions which 
are only known to be Holder differentiable of some finite order. However, the following 
regularity result, derived by inductively applying the classical Schauder estimates to dif- 
ference quotients (c.f. [11]) allows us to also apply these estimates to solutions in C 2+x 
for all A e]0, 00 [. 

Theorem 3.16, Regularity 

Suppose that F is elliptic. Choose A > and let g be a function in U 2+X {Q). If F is elliptic 
and if F(x, J 2 g) = 0, then g is a smooth function. 

In order to apply the degree theory described in Sections 3.1, 3.2 and 3.3, we require that 
T be a Fredholm mapping. This follows from classical elliptic theory (c.f. [11]): 

Lemma 3.17 

If F is elliptic, then for all X, F defines a Fredholm mapping from E x Uq +2 (O) into C x (O) . 
Moreover, Ind(J r ) = Dim(i?). 

Remark: It follows from classical elliptic theory that any elliptic operator defined on a 
compact set is Fredholm. Moreover, if the operator sends sections of a bundle E\ into 
sections a bundle E 2 , then the index of the operator only depends on the topology of 
Hom(i?i, E 2 ). In particular, in the case at hand, we may show that any elliptic operator 
sending Cq°(Q) into C°°(Q) has index 0. We refer the interested reader to [1], [18] and 
[11] for more details. 

Proof: Let DiJ 7 and D 2 J r be the partial derivatives of J 7 with respect to the first and 
second components respectively. By Lemma 3.15, for all (p, g) E E x Uq +2 , D 2 J r (p,g) is 
elliptic. By classical elliptic theory, for all such (p, g), D 2 J r (p,g) is a Fredholm operator 
from Cq +2 (0) into C A (0). Since D 2 J z (p, g) acts on real valued functions, lnd(D 2 J r (p, g)) = 
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0. Let tti : E x Cq +2 (0) and 7r 2 : E x Cq +2 (Q) be the canonical projections onto the 
first and second factors respectively. Trivially, 7T2 is Fredholm of index Dim(i?). Since 
the composition of two Fredholm operators is Fredholm, DiFijp, g) o -k 2 is also Fredholm, 
and since the index of the composition of two Fredholm operators is equal to the sum of 
their indices, Ind(D 2 F(p, g) ° ^2) = Dim(E'). Since E is finite dimension, m has finite 
rank, and therefore so too does DiF(p,g) o % 1 . Since the sum of a Fredholm operator 
and a finite rank operator is also a Fredholm operator of the same index, it follows that 
DF(p, g) = D\F{p, g) o tv 1 + D 2 F(p, g) o tv 2 is also Fredholm of Fredholm index equal to 
Dim(i?), as desired. □ 

3.6 Existence. 

We now recall the construction of Section 2. Let V C Symm(2, M n ) be the open cone of 
positive-definite, symmetric matrices, and denote U = (©J =0 Symm(i, W 1 )) x V. Let G : 
MJ 1 — > R be a smooth, convex function bounded below by 1. Let 4> £ C°°([0, 1] x O, ]0, oof) 
be a smooth family of smooth, positive functions over O. Let E be a finite dimensional 
subspace of C°°(0) and let r > be a positive number, both of which we will chose 
presently (c.f. Lemma 3.21). We denote by B r the ball of radius r about in E and we 
define F : [0, 1] x B r x U x £7 ->• R by: 

F(s, x, (*, C, A)) = Det(A) - + + (1 - s)). 

Observe that, by compactness, there exists r > such that for all (s,g) G [0,1] x B r , 
(f> s +g>0. 

Lemma 3.18 

F is elliptic. 

Proof: This follows from Lemma 2.5. □ 

For all A > 0, we define the mapping J= : [0, 1] x B r x W A+2 (O) ->■ C A (0) by: 

J"(s,^, = F(s,g,x, J 2 h(x)). 

Lemma 3.19 

T defines a smooth Fredholm mapping from [0, 1] x B r x W A+2 (O) into C A (0). Moreover, 
Ind(^) = Dim(£). 

Proof: Choose A > 0. By Lemma 3.14, F defines a smooth mapping from [0, 1] x B r x 
Uq +2 (0) into C A (0). By Lemma 3.18, F is elliptic. Thus, by Lemma 3.15, F is elliptic and 
so, by Lemma 3.17, F defines a Fredholm mapping of Fredholm index equal to Dim(i?) + 1, 
as desired. □ 

We now apply the degree theory of Section 3.3 to this mapping. We define the solution 
space Z C [0, 1] x B r x W A+2 (O) by: 

Z = {(s,gJ)\F(s,gJ) = 0}. 
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Let II : [0, 1] x B r x Wq +2 (0) — > [0, 1] x B r be the projection into the first factor, and let 
Hz be the restriction of IT to Z. Let / G C°°([0, 1] x O) be a smooth family of strictly 
convex functions such that, for all s, f s (x) = for all x G dQ and: 

J-(s,0,/ a ) >0. 

Observe that, by compactness, upon reducing r if necessary, we may suppose that for all 
{s,g)e[0,l]xB r : 

F(s, g, f 8 ) > 0. 



We show that Hz is a proper mapping: 
Lemma 3.20 

Suppose that for all (s, g) G [0, 1] x B r , <p s 
proper mapping. 



— g > and T{s,g, f s ) > 0. Then Ii z is a 



Proof: Let (s m , g m )me~N be sequence in [0, 1] x B r converging to a limit (sqq, g<x,) in [0, 1] x 
B r . Let (/ m ) m gN be a sequence in Uq +2 (Q) such that for all m, (s m , <7 m , / m ) G Since F 
is elliptic, by Theorem 3.16, for all m, / m is smooth. By Lemma 2.12, for all m, f m ^ / m . 
Thus, by Theorem 2.30, there exists G C°°(0) C Co +2 (0) towards which (/ m ) meN 
subconverges in the C°° sense. Since T is continuous, in particular, .F(soo> <7oo) /oo) = 0. It 
remains to show that /oo G W^ +2 (0), that is, that is strictly convex. Indeed, suppose 
the contrary. Since /oo is a limit of a sequence of convex functions, it is convex. Since it is 
not strictly convex, there exists a point x G O at which D 2 is degenerate. However, at 
this point Det(D 2 /oo(^)) = 0, and so F(s 00 ,g 001 x, J 2 f 00 (x)) < 0. This is absurd, and it 
follows that /oo G Wq +2 (0) as asserted. In particular, (soo, 9oo, /oo) G 2 and compactness 
follows. □ 

Lemma 3.21 

There exists a finite dimensional subspace E C C°° (O) and r > such that for all (s , g , /) G 
DJ(s, /) is surjective. 

Proof: Choose A > 0. We define Jo : [0, 1] x W A+2 (O) ->• C A (0) by: 

7b(s, f)(x) = F(s, 0, x, J 2 h(x)) = Det(D 2 f(x)) - <j> s {x){sG{Df{x)) + (1 - s)). 

Choose (si, /i) G [0, 1] x W A+2 (^) such that ^o(si, /i) = 0. By Lemma 3.19, DT {s u /i) 
is a Fredholm operator. In particular, its cokernel is finite dimensional. Let E\ be the 
dual space to lm(DJ :r o(si, /i)) in C A (0) with respect to the L 2 norm. Observe that E\ is 
finite dimensional and: 

C A (O)=Im( J DJ- ( S i,/i))©£;i. 

Since C°°(Q) is a dense as a subset of C A (0) with respect to the 1? norm, we may perturb 
E 1 to a subset E[ of C°°(0) such that C A (0) = Im(DJ : 'o(si, /i)) © ^i- Since surjectivity 
of Fredholm mappings is an open property, there exists a neighbourhood U\ of (si, /i) in 
[0, 1] x W A+2 (O) such that for all (s, /) G *7: 

C A (n)=Im( J DJ- ( S i,/i))©£;i. 
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By Lemma 3.20, there exist finitely many points (si,/i)i^£^ n in [0,1] x W A+2 (O) such 
that J r Q 1 ({0}) is contained in the union of the collection (Ui)i^i^ n . We therefore choose 
E = E[ + ... + E' n . For all (s, /) G -F o -1 ({0}), we obtain: 

C A (0) = lm(DT ( 8l , /i)) © £ C lm(DT( 8l , 0, /i). 

Since surjectivity of Fredholm mappings is an open property, by Lemma 3.20 again, there 
exists r > such that if g G B r and if (s,g,f) G Z r , then DF{s,g, f) is surjective as 
desired. □ 

Theorem 1.4 

Let O be a compact, convex subset of R n with smooth boundary and non-trivial interior. 
Let 4> G C°°(0) be a smooth, positive function. If there exists a strictly convex function 
f G C^°(0) such that: 

F(D 2 f)/G(Df) > 0, = 0, 

then there exists a unique strictly convex function f G Cq°(0) such that: 

F(D 2 f)/G(Df)=<j>, /|«, = 0. 

Proof: We first prove uniqueness. Let /, /' G (7^(0) be strictly convex functions such 
that: 

F(D 2 f)/F(Df) = F(D 2 f')/G(Df) = <j>, f\ m = f\ m = 0. 

It follows from Lemma 2.12 that both f — f and f' — f attain their minimum values along 
the boundary. In particular, f = f and uniqueness follows. 

For all t G [0, 1], we denote G t = tG + (1 — t). Choose a g]0, 1[. Since / is strictly convex, 
so is af. We denote <p = F(D 2 (af)). Observe that D 2 f > D 2 (af), and so F(D 2 f) > 
F(D 2 (af)) = (p - By continuity, there exists 5 > such that F(D 2 /) /G t (Df) > (1 - 
t/5 )(po- Likewise, there exists <5i > such that F(D 2 f) /G t (Df) > (1 - (1 - t)/6i)(/>. 
Finally, by compactness, there exists e > such that F(D 2 f)/G t (Df) > e for all t G [0, 1]. 
For all t G [0, 1], we define <f>t by: 

& = Max((l - t/5 )(/> , (1 - (1 - *)/<W, e). 

Observe that <f> t is strictly positive for all t. Moreover, by construction, T{t, 0, /) > for 
all t G [0, 1]. Upon perturbing <p t slightly, we may suppose, moreover, that 4>t is smooth. 
By Lemma 3.21, there exists a finite dimensional subspace E C C°°(0) and r > such 
that DT is surjective at every point of Z. Upon reducing r further if necessary, we may 
suppose in addition that T{t,g, /) > for all (t,g) G [0, 1] x B r (0). 

We define fo = af. By construction, the function f Q vanishes along the boundary. More- 
over .F(0, 0, fo) = 0. By uniqueness, it is the only function with these properties. It follows 
that n^ 1 ({(0, 0)}) = {(0, 0, fo)}. We claim that (0, 0) is a regular value of W z . Indeed, let 
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DsJ 7 be the partial derivative of J 7 with respect to the third component. By Lemmas 2.5 
and 3.14: 

D 2 F(0,OJ )(g) = -F(D 2 f )(D 2 f^g tJ . 

We claim that ^2^(0, 0, fo) is invertible. Indeed, it is an elliptic operator. Thus, by 
classical elliptic theory, it is Fredholm and since it acts on real valued functions, it has index 
0. Choose g G Ker(D2-7 r (0, 0, fo))- By the maximum principle, g attains its maximum and 
minimum values along dfl. Since g is an element of Cq +2 (Q), it follows that g = 0. Since 
g G Ker(L>2^ r (0, 0, fo)) was arbitrary, we deduce that this kernel is trivial. Since the index 
of -D 2 ^(0,0, f ) is equal to 0, if follows that Coker(L> 2 J r (0, 0, / )) is also trivial and so 
L>2^ r (0, 0, fo) is invertible as desired. 

Now let (t, g) be any vector in R x E. Since L>2^ r (0, 0, fo) is invertible, there exists 
h G C A+2 (O) such that D 2 ^(0, 0, f )(h) = -DT{0, 0, f )(t, g, 0). Thus, by linearity, 
DJ^O, 0, /o)(t, g, h) = 0. In particular (t, g, h) is a tangent vector to Z at (0, 0, / )- How- 
ever: 

Dllz(0, 0, f )(t, g, h) = DU(0, 0, f )(t, g, h) = (t, g). 

Since (t, g) G R x E was arbitrary, and since (0, 0, fo) is the only element of ^({(O, 0)}), 
we conclude that (0,0) is a regular value of II_h, as desired. In particular, the degree of 
n_z is equal to 1 modulo 2. 

By Theorem 3.7, there exists a sequence (t m , <7 m ) me N of regular values of 11^ in [0, 1] x B r 
which converges to (1,0). Since the degree of 11^ is nonzero modulo 2, for all m, there 
exists a strictly convex function f m G Cq +2 (Q) such that Titm, g m , f m ) = for all m. By 
Theorem 3.16, f m is smooth for all m. By Lemma 2.12, f m ^ f m for all m. Thus, by 
Theorem 2.30, there exists /oo G Cq°(0) towards with (f m )oo converges in the C°° sense. 
In particular foo\dn = and J-(l, 0, foo) = 0. In other words foo G Cq°(0) and: 

F(D 2 f 00 )/G(Df 00 ) = (/>, 

as desired. □ 



42 



The Plateau Problem for Gaussian Curvature 



4 



Singularities 



We study the singularities that may arise in Hausdorff limits of smooth hypersurfaces of 
constant gaussian curvature. The most important result of this chapter is Theorem 4.29, 
which says that the singular points of such limits are precisely those points which possess 
the local geodesic property (which we define in Section 4.5). This result follows from 
interior a-priori estimates obtained using a technique dating back to Pogorelov (c.f. [15], 
but see also [5] and [19]). In order to deduce the full geometric consequences of these 
analytic estimates, it is necessary to perform an in-depth study of the structure of convex 
sets, and this forms the content of Sections 4.1 to 4.5 inclusive. The first most important 
result of these sections is Theorem 4.13, which shows how every convex set with non-trivial 
interior may locally be described as the graph of a convex, Lipschitz continuous function. 
We interpret this as a strong regularity result for the boundaries of convex sets. Moreover, 
Theorem 4.13 is very general, and we leave the enthusiastic reader to show how it adapts 
to convex subsets of any riemannian manifold. The second most important result of these 
sections lies in Theorems 4.19 and 4.20 which describe the relationship between the local 
geodesic property and the concept of convex hull. These results often allow us to apply 
ad-hoc geometric arguments to exclude all singularities and thus obtain smoothness in 
Theorem 4.29. However, in contrast to Theorem 4.13, these results are deeply tied into 
the geometry of Euclidean Space, and only extend to convex subsets of spaces of constant 
sectional curvature. 

4.1 The Hausdorff Topology. 

Let X and Y be two compact subsets of M n+1 , we recall that dn(X, Y), the Hausdorff 
distance between X and Y, is defined by: 
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dn(X, Y) = Sup Inf \\x — y\\ + Sup Inf \\x — y\\. 

xexy£ Y y eY x ^ x 

We leave the reader to verify that du defines a metric on the set of compact subsets of 
R n+1 . 

Theorem 4.1 

For all R > 0, the set of compact subsets of M, n+1 contained in Br(0) is compact in the 
Hausdorff topology. 

Remark: We leave the reader to verify that the proof generalises to the set of compact 
subsets of any given compact metric space. 

Proof: Choose R > and let (X m ) m6 N Q Br(0) be a sequence of compact sets. For all 
k G N, we denote by Q k C R n+1 the closed cube of side length l/2 k based on the origin: 

Q k = [0,2- k ] n+1 . 

For every vector a G Z n+1 , we then define: 

Qk, a = Q k + 2~ k a. 

For all m and for all k, we define X m ^ Q M. n+1 by: 

X m ,k = U Qk,ce- 

For all k, every subsequence of (X m ,fc)meN contains a subsubsequence converging in the 
Hausdorff sense to a compact limit in M n+1 . Thus, by a diagonal argument, after extracting 
a subsequence, we may suppose that for all k, (^ m ,fc)m€N converges to a compact limit 
Xoo,k, say. 

For all k and for all m, X mj k+i Q X m ^. Taking limits, it follows that for all k, X^^+i Q 
Xoo^- We thus denote: 

Xoo = n Xqq k. 

A:6N 

Since X^ is the intersection of a countable, nested family of non-empty compact sets, it 
is also a non-empty compact set. It remains to show that (X m ) m6 j^ converges to X^ in 
the Hausdorff sense. Indeed, for all k and for all m: 

d H (X m ,X m , k )^2- k Vn~TT. 

Thus, by the triangle inequality, for all k ^ / and for all m: 

d H (X m , k ,X mil ) ^ 2 1 - h Vn~TT. 

Taking limits yields, for all k ^ /: 

djy(*oo,fc,*oo,l) < 2 1 - fc v VTT. 
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Letting / tend to infinity yields, for all k: 

Xoo) ^ 2 1 ~ k Vn~+T. 

Now choose 5 > and k > such that 2~ k v / n + 1 < 2 1 ~ k v / n + 1 < 5/3 and choose M > 
such that for m ^ M, dH(X m ^ k , X^^) < 5/3. Then, for m ^ M: 

Since 5 may be chosen arbitrarily small, it follows that (X m ) m6 N converges to Xoo in the 
Hausdorff sense as desired. □ 

Lemma 4.2 

For all R > 0, the set of closed, convex subsets of Br(0) is a closed subset of the set of 
compact subsets of Br(0) with respect to the Hausdorff topology. 

Proof: Let (-ftT m ) m6 N be a sequence of compact, convex subsets of -B_r(0) converging to 
a compact limit C B R (0) in the Hausdorff sense. Choose two points £oo,2/oo £ -^oo- 
Since (-ftT m ) m eN converges to in the Hausdorff sense, there exist sequences (x m ) m6 N 
and (y m ) m 6N converging to So, and such that for all m, the points x m and y m are 
elements of _KT m . Choose t G [0, 1]. For all m, since _KT m is convex, (1 — t)x m + ty m G -ftr m . 
Taking limits, it follows that (1 — t)£oo + ty^ G Koo- Since x^, y^ G and t G [0, 1] 
are arbitary, we deduce that is convex as desired. □ 

4.2 Supporting Normals. 

Let E n C R n+1 be the unit sphere. We recall that if K is a convex subset of IR n+1 , if x is 
a point of K, and if N is a vector in E n , then N is said to be a supporting normal to K 

at a; whenever every y £ K satisfies: 

(y -x, N) ^ 0. 

Observe that supporting normals can only exist at boundary points of K. Supporting 
normals, when they exist, need not be unique. Hence, for any boundary point x of K, 
we denote by Af(x; K) C E n the set of supporting normals to K at x, and when there 
is no ambiguity, we denote Af(x;K) merely by Af(x). We show that for any boundary 
point x of K, Af(x) is non-empty and compact. Moreover, we show that Af(x) varies 
semi-continuously with i in a sense that will be made clear presently. 

Lemma 4.3 

Let (-KT m ) m eN and be compact, convex subsets of M. n+1 such that (K m ) me fi converges 
to Koo in the Hausdorff sense. For all finite m, let x m be a boundary point of K m and let 
N m be a supporting normal to K m at x m . Suppose, moreover, that (x m ) me ^ and (N m ) m6 n 
converge to 1^ and Noo respectively. Then is a boundary point of and is a 
supporting normal to at Xoo . 

Proof: Indeed, choose y G K^. Since (-ftT m ) me N converges to in the Hausdorff sense, 
there exists a sequence (ym)men m converging to y such that y m is an element of 

K m for all m. For all vn, since N m is a supporting normal to K m at x m \ 

(ym - X m , N m ) ^ 0. 
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Taking limits yields: 

(y - x^, N^} < 0. 

Since y G Koo is arbitrary, we deduce that Xoo G dK^ and that Nqo is a supporting normal 
to Koo at as desired. □ 

This yields compactness of the set of supporting normals at any point: 
Corollary 4.4 

Let K be a compact, convex subset of M n+1 . If x is a boundary point of K then M{x) is 
compact. 

The supporting normals characterise the closest point to any exterior point of a given 
convex set in the following sense: 

Lemma 4.5 

Let K be a compact, convex subset of IR n+1 . Let x be a point in the complement of 
K. Then y G K minimises distance to x if and only if y is a boundary point of K and 
(x — y)/\\x — y\\ is a supporting normal to K at y. 

Proof: Suppose that y is a boundary point and (x — y)/\\x — y\\ is a supporting normal to 
K at y. Choose z G K. By definition of supporting normals, (z — y,x — y) ^ 0. Thus: 

||^-x|| 2 = \\(z - y) - (x - y)\\ 2 

= \\ z - y\\ 2 - 2 ( z ~y,x-y) + \\y- x\\ 2 
^ \\z - y\\ 2 + \\y - x\\ 2 . 

In particular, \\z — x\\ 2 ^ \\y — x\\ 2 . Taking square roots yields \\z — x\\ ^ \\y — x\\. Since 
z G K was arbitrary, it follows that y minimises distance to x in K as desired. Conversely, 
suppose that y G K minimises distance to x. We claim that (z — y,x — y) ^ for all 
z G K. Indeed, suppose the contrary. There exists z G K such that (z — y,x — y) > 0. For 
all t G [0, 1], denote zt = (1 — t)y + tz. By convexity, z t G K for all t. Moreover: 

d t \\z t - x\\ 2 \ t =o = 2(z - y,y - x) < 0. 

Thus, for sufficiently small t, \\zt — x\\ 2 < \\y — x\\ 2 . This is absurd by minimality of y, and 
the assertion follows. We conclude that y is a boundary point of K and (x — y)/\\x — y\\ 
is a supporting normal to K at y as desired. □ 

This yields existence of supporting normals at any point: 

Lemma 4.6 

Let K be a compact, convex subset of M n+1 . For every boundary point x of K there exists 
a supporting normal N to K at x. 

Proof: Indeed, choose x G dK. Since i is a boundary point, there exists a sequence 
(j m ) m6 if of points in the complement of K converging to x. Since K is compact, for all 
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m, there exists a point y m in K minimising the distance to x m . In particular, for all m, 

d(x m , y m ) < d(x m , x) and so: 

d(x, y m ) < x m ) + d(x m , y m ) ^ 2d(x m , x), 
and it follows that (y m )me~N also converges to x. For all m, we define N m G E n by: 



By Lemma 4.5 for all m, y m is a boundary point of K and N m is a supporting normal to 
K at y m . After extracting a subsequence we may suppose that (N m ) me ^ converges to an 
element N in E n . By Lemma 4.3, N is a supporting normal to K at x as desired. □ 

Corollary 4.7 

Let K be a compact, convex subset of M n+1 . If a; is a boundary point of K, then J\f(x) ^ 0. 

We now examine semi-continuity of J\f(x). For two non-empty subsets X and Y of E n , we 
define F) by: 

5(X, Y) = Sup Inf d^{x,y). 

y&Y x ^ x 

Observe, in particular, that 5 is not symmetric. Moreover, by definition: 

d H ^(X, Y) = 8(X, Y) + 6(Y, X) > 6(X, Y). 

In other words, 5 is weaker than the Hausdorff distance of the sphere. 
Lemma 4.8 

Let (K m ) me ?>f and be compact, convex subsets of R n+1 such that (-ftT m ) m6 N converges 
to in the Hausdorff sense. For all m let x m be a boundary point of K m . For all e > 
there exists M GN such that for m^M, 6(J\f(x <x> ),Af(x m )) < e. 

Proof: Suppose the contrary. Upon extracting a subsequence, we may suppose that there 
exists e > such that S(Af(x 00 ), H{x rn )) ^ e for all m. For all m, there therefore exists 
N m G Af(x m ) such that d^Af^x^), N m ) ^ e. Upon extracting a further subsequence, we 
may suppose that there exists towards which (N m ) m6N converges. By Lemma 4.3, 
G jV^oo). However, upon taking limits d(Af(x 00 ), N^) ^ e. This is absurd, and the 
result follows. □ 

Finally, we show that Af(x) is in fact defined locally. Indeed, recall that if K and L are 
compact, convex sets, then so is their intersection. 
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Lemma 4.9 

Let K and L be compact, convex subsets of M n+1 . Let x be a boundary point of K fl L 
and let N G E n be a supporting normal to K fl L at x. Ifx&L°, then x is also a boundary 
point of K and N is also a supporting normal to K at x. 

Proof: It suffices to show that for all y G K: 

(y -x, N) ^ 0. 

Suppose the contrary. There exists y G K such that (y — x, N) > 0. For all t G [0, 1], 
denote yt = (1 — t)x + ty. For all t: 

(y t - x, N) = t{y - x, N) > 0. 

By convexity, yt is an element of K for all t. Since x is an interior point of L, for sufficiently 
small t, y t is also an element of L and is therefore an element of K fl L. Thus, by definition 
of supporting normals, for sufficiently small t, (y t — x, N) < 0. This is absurd, and the 
assertion follows. □ 

Corollary 4.10 

Let K and L be compact, convex subsets of M n+1 . Let x be a boundary point of K (~)L 
and let N G E n be a supporting normal to K fl L at x. If x G L°, then Af(x; K) = Af(x; L). 

The following result allows us to include other types of convex subsets of R n+1 into the 
current framework: 

Lemma 4.11 

Let K be a closed, convex subset of M n+1 . For every point x G M n+1 , there exists a 
point y G K minimising distance to x. Moreover, y is a boundary point of K and N = 
(x — y)/\\x — y\\ is a supporting normal to K at y. 

Proof: For all r > 0, we denote K r = K C\ B r (x). Observe that for all r, K r is compact 
and convex. There exists r$ such that K ro is non-empty. Since it is compact, there exists 
y G K ro minimising distance in K ro to x. We denote N = [x — y)/\\x — y\\. Observe that 
if z G K \ K ro , then \\z — x\\ > r$ ^ ||y — x\\, and it follows that y also minimises distance 
in K to x. In particular, for all s > r$, y also minimises distance in K s to x. Thus, by 
Lemma 4.5, N is a supporting normal to K s at x. Choose z G K. There exists s > such 
that z G K s . By definition of supporting normals, (z — y,U) ^ 0. Since z G K is arbitrary, 
we conclude that N is a supporting normal to K at y, and, in particular, y is a boundary 
point of K as desired. □ 

4.3 Convex Sets as Graphs. 

Let if be a compact, convex subset of M n+1 . Let x be a boundary point of K and let N 
be a supporting normal to K at Upon applying an affine isometry, we may suppose 
that x = and that N is any given unit vector in the sphere. The results which follow are 
therefore completely general. We decompose M. n+1 as M. n x 1R. For C, r > 0, we say that dK 
is a C-Lipschitz graph over a radius r near whenever there exists a C-Lipschitz function 
/ : B' r (0) ->] - 2CV,2CV[ such that the intersection of dK with B' r (0)x] - 2Cr,2Cr[ 
coincides with the graph of / over B' r (0). We refer to / as the graph function of K near 
0. 



48 



The Plateau Problem for Gaussian Curvature 

Lemma 4.12 

Let K be a compact, convex subset of M. n+1 . Suppose that is a boundary point of K and 
that every supporting normal N to K at satisfies (N,e n+ i) < 0. Choose C, r > and 
suppose that dK is a C-Lipschitz graph over a radius r near 0. If f : B' r (0) — >] — 2Cr, 2Cr[ 
is the graph function of dK near 0, then f is convex. 

Proof: We define K by: 

K = {(x', t) G B' r (0) x] - 2Cr, 2Cr[ | t > f(x')} . 

We claim that K coincides with Kn(B' r (0)x] - 2Cr,2Cr[). Indeed, for all x' G B' r (Q), 
denote L x / = {x'} x] — 2CV, 2Cr[ and for any subset X of L x >, denote by d r X the relative 
boundary of X as a subset of L x i. For all x' , L X >C\K is convex. In particular, it is 
connected and thus consists of a single, relatively closed subinterval of L x > . However, 
d r (L x ' HK) is contained within L x > H(dK), and so, by definition of /, it only consists of 
a single point, being (x\ f(x')). Thus, L x > DK coincides either with the relatively closed 
subinterval of L x i lying above the point (x', f(x')) or with the relatively closed subinterval 
lying below that point. 

We now show that L x > n K does not coincide with the relatively closed subinterval of L x 
lying below the point (V , f{x')). Observe that, since / is C-Lipschitz, for all x' G B' r (0): 

\f(x')\ = \f(x')-f(0)\^C\\x'\\<Cr. 

It thus suffices to show that (x', -Cr) G R n+1 \ K for all x' G B' r (0). When x' = 0, by 
hypothesis: 

((0, -Cr) - (0, 0), N) = (-Cr)(e n+1 , N) > 0, 

By definition of supporting normals, it follows that (0, —Cr) lies in R n+1 \ K as desired. 
Now choose x' G B' r (0). Let / be the set of all points t G [0, 1] such that (tx' , —Cr) G 
]R n+1 \ K. Since / contains 0, it is non-empty. Since M n+1 \ K is open, / is an open subset 
of [0, 1]. We claim that / is also a closed subset of [0, 1]. Indeed, if {tx' , —Cr) G K, then, 
by hypothesis, since f(x') > —Cr, this point cannot be a boundary point of K, and it is 
therefore an interior point. It follows that [0, 1] \ / is also an open subset of [0, 1] and / is 
therefore a closed subset of [0, 1] as asserted. It follows by connectivity that / = [0, 1]. In 
particular (V, —Cr) G IR n+1 \ K, as desired. We conclude that for all x' G B' r (0), K(lL x > 
coincides with the subinterval of L x i lying above (x' , f(x')), and so: 

KC\L X > = {(x', t) | f(x') <: t < 2Cr} . 

Thus K = K n(B' r (0)x] — 2Cr, 2Cr[) as asserted. In particular, since it is the intersection 
of two convex sets, K is convex. 

Choose x',y' G B' r (0). By definition, (x', f(x')), (y', f(y')) G K. For all s G [0,1], we 
denote x' s = (1 — s)x' + sy' and t s = (1 — s)f(x') + sf(y'). By convexity, (x' s , t s ) G K for 
all s. It follows by definition of K that f(x s ) ^ t s for all s, and so: 

/((l _ s y + sy ') ^ (i _ s)f{x >) + S f( y 'y 
Since x',y' G B r (0) and s G [0, 1] are arbitrary, it follows that / is convex as desired. □ 
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Theorem 4.13 

Let K be a compact, convex subset of W n+1 and suppose that is a boundary point of 
K. Choose 9 G [0, rc/2[ and r > and suppose that for all x G dK (~) B r (0) and for every 
supporting normal N to K at x: 

(N,-e n+ i) ^cos(0). 

Then, denoting C = tan(6>) and p = -j==, there exists a function f : B' p (0) — >] — Cp, Cp[ 
such that: 

(1) /(0) = 0; 

(2) f is convex and C-Lipschitz; and 

(3) (dK) f](B' p (0)x] - 2Cp, 2Cp[) coincides with the graph off. 

Remark: In other words, f is a C-Lipschitz graph over a radius r near 0. 

Proof: Choose x,y G (OK) DB r (0). Decomposing W n+1 = M. n x R, we denote x = (x', s) 
and y = (y',t). Let N be the supporting normal to K at x and let N' be its orthogonal 
projection onto W 1 . In particular: 

||N'|| 2 = 1 - (N,e n+ i) 2 ^ 1 -cos 2 (^) = sin 2 (60. 

Bearing in mind the Cauchy-Schwarz inequality, we obtain: 

(y - N) = (y - x, (N, e n+ i)e n+ i) + (y - x, N') 
= (N,e n+1 )(t-s) + (y f -x',N f ) 
^ (N,e n+ i)(t-s) - Hy'-x'Hsin^) 
= (N, -e n+1 )(s -t)- \\y' - x'\\sm(6). 

However, by definition of the supporting normal, (y — x, N) ^ 0, and so: 

— e n +i/ 

By symmetry, we conclude that: 

\s - t\ < tan(9)\\y' - x'\\ = C\\y' - x'\\. (B) 

Observe that B' p (0) x] - 2Cp, 2Cp[C B r (0). We claim that for all x' G B' p (0), there exists a 
unique t g] — 2Cp, 2Cp[ such that (a;', t) G We first prove uniqueness. Indeed, suppose 
there exists s / f G] - 2Cp, 2Cp[ such that (x',s),(x',t) G <9-ftT. Then, in particular, 
(V, s), (x', t) G -B r (0) and so, by (B), \s — t\ =0. This is absurd, and uniqueness follows. 

We now prove existence. For all t G [— 2Cp, 2Cp], we denote B[ = B' (0) x {t}. Observe 
that B' t C B r (0) for all t. We show that is contained in the interior of K. First 
we claim that B' Cp does not intersect the boundary of K. Indeed, otherwise there exists 
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(x',Cp) G (dK)nBcp C (8K)nB r (0). However, bearing in mind that (0,0) G dK, 
by (B), Cp ^ C||x'|| < Cp. This is absurd, and the assertion follows. It follows that 
Bq p = (Bc p r\K°) U(Bc p f^ K c ) and since it is connected, one of these components must 
be empty. 

We now claim that (0, Cp) G K°. Denote L = {0} x] — 2Cp, 2Cp[. Since K n L is convex, 
it is connected, and thus consists of a single, relatively closed subinterval. Moreover, by 
hypothesis, (0, 0) is a boundary point of this subinterval. Since the relative boundary of 
K n Lq is contained in (dK) C\Lq, if follows by uniqueness that this subinterval has no 
other boundary point. Thus, either L = {0} x] — 2Cp, 0] or L = {0} x [0, 2Cp[. Suppose 
that Lq = {0} x] — 2Cp, 0]. In particular, since K is closed, (0, — Cp) G K. Let N be a 
supporting normal to K at 0. By hypothesis, (N , — e n+ i) ^ cos(6>) and so: 

((0, -Cp) - (0, 0), No) = 2Cp(-e n+1 , N > > 2Cpcos(6) > 0. 

However, by definition of a supporting normal, ((0, — Cp) — (0, 0), No) ^ 0. This is absurd, 
and it follows that L = {0} x [0, 2Cp[. Moreover, by uniqueness, (0, Cp) is not a boundary 
point of K , and so (0, Cp) G K° as asserted. 

We conclude that Bc P is contained in the interior of K. In like manner, we show that 
B_Cp is contained in the complement of K. Choose x' G B' (0). Since (x f , —Cp) ^ K and 
(x\ Cp) G K°, there exists t g] — Cp, Cp[ such that (x', t) G <9-ftT, and existence follows. 

There therefore exists a function / : B' p (0) ->] - Cp, Cp[ such that (dif) n(B^(0) x] - 
2Cp, 2Cp[) coincides with the graph of /. Moreover, for all x', y' G B' p (0), since the points 
(x f , /(*')) and (y', /(j/)) lie in B r (0), by (B): 

1/(^0-/(2/01 <C|K-2/'H, 
and it follows that / is C-Lipschitz. Finally, by Lemma 4.12, / is convex, and this completes 
the proof. □ 

4.4 Convex Hulls. 

Let X be a subset of R n+1 . We define the convex hull of X to be the intersection of all 
open, convex subsets of W n+1 containing X. We denote this set by Conv(X). Observe, in 
particular, that Conv(X) is convex. 

Lemma 4.14 

If K is a convex set, then K and K° are also convex. 

Proof: Choose x,y G K. Let (x m ) m6 N, (?/m)meN be sequences of points in K converging 
to x and y respectively. Choose t G [0, 1]. By convexity, (1 — t)x m + ty m G K for all m. 
Taking limits, it follows that (1 — t)x + ty G K. Since x,y G K and t G [0, 1] are arbitrary, 
it follows that K is convex as desired. 

Now choose x, y G K° . Choose 5 > such that B s (x),B s (y) C K. Choose t G [0, 1]. By 
convexity, for all z G -6,5(0): 

(1 - t)x + ty + z = (1 - t)(x + z)+ t(y + z) G K. 

It follows that B 5 ((l - t)x + ty) C K and so (1 - t)x + ty G K°. Since x,y G K° and 
t G [0, 1] are arbitrary, it follows that K° is convex as desired. □ 
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Lemma 4.15 

If X is compact, then Conv(X) is compact. 

Proof: Since X is bounded, there exists R > such that X C Br(0). Since -Br(O) is also 
convex and open, by definition, Conv(X) is a subset of -Br(O) and is therefore bounded. 
We claim that the complement of Conv(X) is open. Indeed, choose y G M. n+1 \ Conv(X). 
There exists a bounded, open, convex set K containing X such that y G M. n+1 \ K. Upon 
replacing K by K n Br(0), if necessary, we may suppose that K is bounded. If y ^ K, then 
there exists 5 > such that B s (0) C M n+1 \ K C M n+1 \ Conv(X) as desired. Otherwise, 
y G dK. By Lemma 4.14, if is convex. By Lemma 4.6, there exists a supporting normal 
N to if at y. Since X C K C K , by definition of supporting normals, (x — y, N) < for 
all x E X. By compactness, there exists e > such that (x — y, N) < — e for all a; G X. We 
define: 

K' = {x G K | (x-y, N) < -e}. 

if is open and convex and X C. K'. Thus, by definition, Conv(X) C K' . However, B e (y) C 
R n+i \k' c R n+1 \ Conv(X), and it follows that y lies in the interior of R n+1 Conv(X). 
Since y G M. n+1 \ Conv(X) is arbitrary, it follows that R n+1 \ Conv(X) is open as asserted. 
In particular, Conv(X) is closed. We conclude by the Heine-Borel Theorem (Theorem 2.41 
of [16]) that Conv(X) is compact as desired. □ 

Lemma 4.16 

If X is open, then Conv(X) is open. 

Proof: Choose x G <9Conv(X). For all r > 0, we denote K r = B r (0) flConv(X). Observe 
that K r is convex for all r. Observe that, for all r > s, K s = K r n B s (0). Denote tq = \\x\\. 
By Lemma 4.6 there exists a supporting normal N to i^2r a t x. By Lemma 4.9, for all 
r > 2ro, N is also a supporting normal to K r at x. Choose y G X C Conv(X). There 
exists r > such that y G K r . Thus, by definition of supporting normals (y — x, N) ^ 0. 
Since X is open, it follows that (y — x, N) < 0. Since y G X is arbitrary, if we define: 

if = {y G | (y - x, N) < 0} , 

then X C K' . Observe that, in particular, K' is open and convex and X C if. Thus, by 
definition, Conv(X) C K' . However, x ^ K' and so x ^ Conv(X). Since x G 9Conv(X) is 
arbitrary, it follows that: 

Conv(X)ndConv(X) = 0, 
and so Conv(X) is open as desired. □ 
Lemma 4.17 

If K is compact and convex, then Conv(K) = K. 

Remark: Observe that the analogous result for open convex sets follows immediately from 
our definition of the convex hull. 
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Proof: By definition, K C Conv(if). Choose x G R n+1 \ K. Let y G K be a point 
minimising distance to x. Define N = (a; — — y||. By Lemma 4.5, N is a supporting 

normal to K at y. By definition of supporting normals, for all z G K, (z — y,N) ^ 0. Thus: 

(z - x, N) = ((2 - y) + (y - x), N) < -\\x - y\\ < 0. 

We define: 

K' = {z G I (z - x, N) < 0} . 

If' is open and convex and K C K' . Thus Conv(X) C K' . However, x ^ K', and so 
x G R n+1 \ Conv(K). Since a; G M n+1 \ Conv(K) is arbitrary, it follows that R n+1 \ K C 
j^n+i y Conv(-fT). Taking complements yields Conv(iir) C K and so the two sets coincide 
as desired. □ 

4.5 The Local Geodesic Property. 

We define an open straight-line segment in M. n+1 to be any set V of the form: 

T = {x + ty I a < t < b} . 

where x and y are points in M, n+1 and a < b are real numbers. Let if be a compact, 
convex subset of R n+1 and let x be any point of K. We say that K satisfies the local 
geodesic property at x whenever there exists an open straight-line segment V such that 
x G T C K. Every interior point of K trivially satisfies the local geodesic property. 

Lemma 4.18 

Let K be a compact, convex subset of IR n+1 . Let x be a boundary point of K and let Y 
be an open straight-line segment such that x G T C K . If N is a supporting normal to K 
at x then V is contained in the hyperplane passing through x normal to N . In particular, 
T is contained in the boundary of K. 

Proof: By definition, there exists y G R n+1 and real numbers a < < b such that: 

T = {x + ty I a < t < b} . 

By definition of supporting normals, for all t G]a, b[: 

t(y,M) = ((x + ty)-x,M)^0. 

It follows that (y, N) = 0, and so ((x + ty) — x, N) = for all t G]a, b[ as desired. □ 
The local geodesic property characterises convex hulls in the following sense: 
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Theorem 4.19 

Let K be a compact, convex set. Let X be a closed subset of dK. Let Y be the set of all 
points of dK satisfying the local geodesic property. IfXUY is closed, then Y C Conv(X). 

Proof: We prove this by induction on the dimension of the ambient space. First suppose 
that n = 1. Choose y G Y, let if be a supporting line to K at y. We identify H with E 
and we denote K' = K n H , Y' = Y n H and X' = X n H. Observe that K' = [a, b] is a 
compact interval and X' UY' is closed. We claim that {a, b} C X'. We claim first that 
{a, b} fl y = 0. Indeed, suppose the contrary. Without loss of generality, there exists an 
open straight-line segment T such that a G T C K. By Lemma 4.18, T C H. In particular, 
r C H H if = if' = [a, 6]. This is absurd, since a is an interior point of V and it follows 
that {a, 6} fl Y = as asserted. However ]a, 6[C T', and, by taking closures, it follows that 
[a, b] C y' Ul'. Thus {a, 6} C X' as asserted. Consequently if' = Conv(X') and so: 

yeY'CK'C Conv(X') C Conv(X). 

Since y G Y is arbitrary, we conclude that F C Conv(X) as desired. 

Now consider an ambient space of arbitrary dimension. Choose y G Y and let if be a 
supporting hyperplane to K at y. We denote K' = KDH, Y' = Y(~)dK' and X' = 
X fl d-fT'. Observe that if' is a compact, convex subset of H, X' is a closed subset of dK' 
and X' U V is closed. We claim that Y' coincides with the set of all boundary points of 
K' satisfying the local geodesic property. Indeed, if z G Y', then there exists an open 
straight-line segment V such that z G V C K. Since H is a supporting hyperplane to K, 
By Lemma 4.18, r C H. It follows that rcK' and so if' also satisfies the local geodesic 
property at z. Conversely, if z is a boundary point of K' and if satisfies the local geodesic 
property at z, then z is also a boundary point of if and K also satisfies the local geodesic 
property at z. We conclude that these two sets coincide as asserted and it follows by the 
inductive hypothesis that Y' C Conv(X') C Conv(X). 

If y G Y' , then y G Conv(X), and we are done. Otherwise, suppose that y G Y \ Y' . 
In particular, y lies in the relative interior of K' . Let V be any vector in H. Define 
7 : H. — >■ ii" by ^(t) = y + tV. Denote I = r )~ 1 {K'). Since K' is compact and convex, 
I is a compact interval. Observe that, by definition, for all t G 1°, K satisfies the local 
geodesic property at "f(t). In other words 1° C 7 -1 (Y~) C / y~ 1 (Y U X). Taking closures 
therefore yields, I C 7" 1 (ruX). However, 9/ C ^(dK'), and so 9/ C ^(Y'UX'). 
By the discussion of the previous paragraph, it follows that dl C 7 _1 (Conv(X)) and so, by 
convexity, 7 C 7 _1 (Conv(X)). In particular, y G Conv(X), and since y G Y is arbitrary, 
we conclude that F C Conv(X) as asserted. □ 

Conversely: 

Theorem 4.20 

Let X be a compact subset of M n+1 . Then Conv(X) satisfies the local geodesic property 
at every point of X \ Conv(X). 

Proof: We prove this by induction on the dimension. The result trivially holds when 
the ambient space is 1-dimensional. Now choose x G Conv(X) \ X. If a; is an interior 



54 



The Plateau Problem for Gaussian Curvature 

point of Conv(X), then we are done. We therefore assume that x is a boundary point of 
Conv(X). By Lemma 4.6, there exists a supporting normal N to Conv(X) at x. Let H 
be the hyperplane normal to N passing through x. We denote X' = HC\X. We claim 
that Conv(X') = Conv(X) f]H. Indeed, X' is compact. By Lemma 4.15, Conv(X') is 
compact. Choose x' G H \ Conv(X'). Let y' G H be a point in Conv(X') minimising the 
distance to x' . Denote N' = (x' — y')/\\x' — y'\\. By Lemma 4.5, N' is a supporting normal 
to Conv(X') at y'. In particular, for all z' G X' C Conv(X'): 

(z'-y\N')^0. 

Thus: 

(z' - x', N') = ((z' - y') + (y' - x'), N'> ^ - y'\\ < 0. 
However, for all z G X \ X' = X \ H: 

(z-y',N}<0. 

Thus: 

( z - x '^) = ((z-y') + (y'-x'),N)<0. 
Combining these relations, we obtain for all z G X: 

(z - x, (N + N')) <0. 

We define K C M n+1 by: 

K = {^ | (z-x,(N + N')) <0}. 

.KT is open and convex, and X C K. Thus Conv(X) C K. However, x' ^ K and so 
x' G i/\Conv(X). Since G if\Conv(X) was arbitrary, we conclude that H\Couv(X') C 
iiT \ Conv(X) and so Conv(X) C\H C Conv(X'). Conversely, let X be an open, convex set 
containing X. Then K (1 H is also convex and relatively open. Since K (1 H contains X 1 ', 
by definition, it also contains Conv(X'). Upon taking the intersection over all such open 
sets, it follows that Conv(X') C Conv(X) C\H, and so the two sets coincide as asserted. 
It follows by the inductive hypothesis that Conv(X) C\H = Conv(X') satisfies the local 
geodesic property at x and therefore so does Conv(X). Since x G Conv(X) \X is arbitrary, 
the result follows. □ 

We now characterise the local geodesic property. Let X C E n be any closed subset. We 
say that X is strictly contained in a hemisphere whenever there exists a unit vector 
N G E n such that for all N' G X: 

(N, N') < 0. 
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Lemma 4.21 

Let K be a compact, convex subset ofM. n+1 . Let x be a point in K and suppose that K 
satisfies the local geodesic property at x. Then for all sufficiently small r > 0, K (~](dB r (x)) 
is not strictly contained in a hemisphere. 

Proof: Let V be the open straight-line segment passing through x contained in K. By 
definition, there exists a point y G R n+1 and real numbers a < < b such that: 

r = {x + ty \a <t <b} . 

Choose r < Min(— a, 6). Then x ± ry G K n(dB r (x)). Suppose that there exists N 6 E" 
such that ((x ± ry) — x, N) < 0. Then, ±(y, N) < 0, which is absurd, and the assertion 
follows. □ 

Lemma 4.22 

Let X C E n be a closed subset not strictly contained in a hemisphere. Then is an 
element of Conv(X). 

Proof: Suppose the contrary. By Lemma 4.15, Conv(X) is compact, let x G Conv(X) 
be the point minimising distance in Conv(X) to 0. Denote N = — By Lemma 4.5, 

N is a supporting normal to Conv(X) at x. By definition of supporting normals, for all 
y G X C Conv(X), (y - x, N) sC 0. Thus: 

(y, N) = ((y - x) + x, N) ^ -||x|| < 0. 

Since y G X is arbitrary, it follows that X is strictly contained in a hemisphere. This is 
absurd, and it follows that is an element of Conv(X) as desired. □ 

Lemma 4.23 

Let K be a compact, convex subset of M, n+1 . Let x be a boundary point of K and let N 
be a supporting normal to K at x. Suppose that K does not satisfy the local geodesic 
property at x. Then, for all r > there exists N' which we may choose as close to N as we 
wish with the property that for all y G K (~}(B r (x)) c : 

(y-x,M)<0. 

Proof: Upon applying an affine isometry, we may suppose that x = 0. Choose r > 0. 
Since K does not satisfy the local geodesic property at 0, by the contrapositive of Lemma 
4.20, does not lie in the convex hull of K C\(dB r (0)). By the contrapositive of Lemma 
4.22, K r\(dB r (0)) is strictly contained in a hemisphere. There therefore exists a unit 
vector N' G E n such that for all y G K n(dB r (0)): 

(y, N'> < o. 
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For all e > 0, we denote N e = (N + eN')/||N + eN'||. For all e and for all y G Kn(dB r (0)), 
bearing in mind the definition of supporting normals: 

||N + eN'||(y,N £ > = (y, N) + e(y, N') 
^e(y,N') 
< 0. 

By chosing e as small as we wish, we may choose N e as close to N as we wish. We now 
claim that N e has the desired properties for all e > 0. Indeed, if y G K n(dB s (0)) for some 
s > r then, by convexity: 

(r/s)yeKr)(dB r (0)), 

and so: 

(y,N e > = ( a /r)((r/ a ),N e ><0, 

as desired. □ 

4.6 Interior A-Priori bounds. 

We return to the framework of Section 2. We thus consider functions / G C°°(n) which 
are solutions of the equation: 

F(D 2 f)=cj ) G(Df). 

We aim to study the structure of singularities of uniform limits of sequences of such func- 
tions. The following reasoning dates to Pogorelov (c.f. [15], but see also [5] and [19]). As 
in Section 2.6, we denote: 

B^{x) = -FiD^ix^fix)- 1 )^. 
n 

We complement Lemma 2.26 with the two following estimates: 
Lemma 4.24 

There exists C > which only depends on \\4>\\o such that: 

C f Log(-f) > -C(-f)- 1 -S«(^Log(-/))(^-Log(-/)). 

Remark: Observe that since f is strictly convex and vanishes along dtt, f < throughout 
O and so the logarithm of (— /) is well defined. 

Proof: By Lemma 2.6: 

DF(D 2 f)(D 2 f) = F(D 2 f). 

Since G is convex: 

DG(Df)(Df)>G(Df)-G(0). 
Since, 4> is positive, by definition of £/: 

C f f ^ F(D 2 f) - <pG(Df) + 0G(O) = 0G(O). 
There therefore exists C > which only depends on ||0|| o such that: 

£/(-/) > -c 

By Lemma 2.25: 

£/Log(-/) > -C(-f)- 1 -Sy(a 4 Log(-/))(^Log(-/)), 

as desired. □ 
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Lemma 4.25 

There exists C > which only depends on \\4>\\i and \\f\\i such that: 

C f \\Df\\ 2 ^-C+-<f>X n (f)- 

Tt 

Proof: By the product rule, for all i, using the summation convention: 

di\\Df\\ 2 = 2f lk f k 
didjWDfW 2 =2f ijk f k + 2f ik f jk . 

Thus, bearing in mind that the derivatives of / are symmetric: 

£/||Af || 2 = 2f k DF(D 2 f)(D 2 f k ) + 2BVf ik f jk - 2f k cf>DG(Df)(Df k ) 
= 2f k C f f k + ^F(D 2 f)f kk . 

Since D 2 f is positive definite: 

f kk = Tr(D 2 f)> X n (f)- 
Thus, since / satisfies (A) and since <j> is positive and G > 1: 

C f \\Dff>2f k £ f f k + - ( f>X n (f)- 

Tli 

However, differentiating (A) once in the e k direction yields: 

£ f f k = <t> k G(Df). 

Thus: 

Cf\\Df\\ 2 > 2f k <p k DG(Df) + -<j>X n {f). 

Tli 

There therefore exists C > which only depends on ||0||i and ||/||i such that: 

C f \\Df\\ 2 ^-C+-<p\ n (f), 

Tli 

as desired. □ 
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Lemma 4.26 

There exists C > which only depends on \\(f>\\2, \\f\\i and Inf^^ 4>(x) such that: 

Sup\f(x)\\\D 2 f(x)\\^C. 



Remark: Observe the important role played by the positivity of the DLog(l) term in 
Lemma 2.26. If this term were negative, as is usually the case when one calculates a 
generalised Laplacian of the logarithm of a function (c.f Lemma 2.25), then we would not 
be able to factorise the bad terms in the following proof . Pogorelov's trick is to then observe 
that the resulting terms are controlled modulo terms which vanish at a local maximum. 

Proof: We define the function ijj : Q — > R by: 

V = Log(-/) + Log(A n (/)) + || J D/|| 2 . 

The function ip is continuous and tends to — oo near the boundary of O. It therefore attains 
its maximum at some interior point i£fl. Let / : O — > K. be a smooth function such that 
I ^ A n (/) and l(x) = X n (x). We define tp by: 

V5 = Log(-/) + Log(/) + || J D/|| 2 . 

Observe that V> also attains a local maximum at x. By Lemmas 2.26, 4.24 and 4.25, and 
by definition of weak differential inequalities, there exists C\ > which only depends on 
||</>|| 2 , ||/||i and lnf xe ^(/)(x) such that: 

+B i i(d i Log(l))(d j Log(l)) - i^(<9 i Log(-/))(<9 J Log(-/)) 
= -C 1 (-/)" 1 + ^A n (/) 

+B"(d i Log(l) - ^Log(-/))(^Log(0 + a,-Log(-/)). 

Since tp attains a local maximum at x, Dtp = 0, and so, for all i 

diLog(-f) + <9,Log(Z) + d % \\Df\\ 2 = 0. 



Thus, at x, bearing in mind that B is positive definite: 

C$ > -Ci(-f)- 1 + |0A n (/) 

+B^(-d i \\Df\\ 2 - 2d l Log(-f))(-d J \\Df\\ 2 ) 
> -C^-f)- 1 + f 0A n (/) - 2B^0 i Log(-/))(0 i ||£>/|| 2 ). 

However, by definition: 

B^idjWDff) = —F(D 2 f)(D 2 f~ 1 ) ij fj k f k = -<t>G(Df)f k . 

Tt Tli 
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Thus, increasing C\ if necessary, we obtain: 

n (-/) n 

By the maximum principle, since a; is a local maximum of ip, Cfifj(x) ^ 0. Thus, since 

ip(x) = ij)(x): 

- Cl + M^(*) e -iw(*)n 2 ^ o. 

n 



In particular: 



Thus, for any y E O: 



e ^(x) < nC l c -\\D.f(x)\\\ 



2<f>{x) 



\f(y)\\\D 2 f(y)\\ =e^e-U D f(y)U 2 

^ e i>(x) e -\\Df(y)\\ 2 

< Ji^ e l^/(x)|| 2 -||D/( y )|| 2 
^ 2<£(x) e 

There therefore exists C2 ^ which only depends on ||0||2, ||/||i and In£ xe ^ 4>(x) such 
that: 

\f\ \\D 2 f\\ < C 2 , 

as desired. □ 

4.7 The Structure of Singularities. 

We conclude this section by characterising the singularities that arise upon taking limits. 
We first show some preliminary results: 

Lemma 4.27 

Let K be a compact, convex subset of IR n+1 . If K has non-trivial interior, then M{x) is 
strictly contained in a hemisphere for every boundary point x of K. 

Proof: Let x be an interior point of K. Let y be a boundary point of K. Denote 
N = (x - y)/\\x - y\\. We claim that (N, M) < for all M E N(y). Indeed, choose 5 > 
such that Bs(x) C K. choose M E Sf(y). Observe that x + 5M E K. Bearing in mind the 
definition of supporting normals: 

(x -y,M) = ((x + 5M) - y, M) - <5(M, M) < -5 < 0. 

Since M E Af(y) is arbitrary, the assertion follows and we conclude that N(y) is strictly 
contained in a hemisphere as desired. □ 
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Lemma 4.28 

Let K be a compact, convex subset ofW n+1 . Let x be a boundary point of K. If J\f(x) 
is strictly contained in a hemisphere, then there exists a supporting normal N to K at x 
such that (N, M) > for all M G M(x). 

Proof: Upon applying a linear isometry, we may suppose that (N,e n +i) < for all N G 
J\f(x). Observe that N(x) is closed. If — e n+ i G ftf(x), then we are done. Otherwise, 
suppose that — e n +i Af(x). We define Cone(Af(x)) by: 

Cone(N(x)) = {tN | t G [0, oo[ & N G X} . 

Observe that Cone(A/"(x)) is closed and convex. Moreover, — e n+ i Cone(M(x)). By 
Lemma 4.11, there exists a point y G Cone(M(x)) minimising distance in Cone(A/"(x)) 
to — e n +i. Moreover, there exists a supporting normal N to Cone(Af(x)) at y such that 
— e n+ i = y + ||e n +i + y||N. For all t G [0, oof, since ty G Cone(A/"(x)) for all t G [0, oo[, by 
definition of supporting normals: 

(ty-y,M) <0. 

Differentiating this relation at t = 1 yields (y, N) = 0. Thus, by definition of supporting 
normals, for all M G X C Cone(A/"(x)), bearing in mind that (M, — e n +i) > 0: 

^ (M — y, N) 
= (M,N) 

= ||e n + y||(M, -e n+ i - y) 
> ||e n + y||||y||(M,-y/||y||). 

We denote N = y/||y||. By definition of Cone(A/"(x)), N G Af(x), and by the above reason- 
ing, (M, N) > for all M G M(x) as desired. □ 

We now describe the singularities that may arise: 

Theorem 4.29 

Let (-ftT m ) me N and be compact, convex subsets of M n+1 . Suppose that has non- 
trivial interior and (K m ) mE ^ converges to in the Hausdorff sense. Let k > be a real 
number, let U be an open subset of M. n+1 and suppose that for all m, (dK m ) D U is smooth 
with constant gaussian curvature equal to k. If y G (dKoo) n U then: 

(1) either there exists r > such that (dKoo) nB r (y) is smooth with constant gaussian 
curvature equal to k; or 

(2) Koo satisfies the local geodesic property at y. 

Proof: Choose y G (dKoo) fW and suppose that Koo does not satisfy the local geodesic 
property at y. Let (y m )men be a sequence converging to y such that y m G dK m for all 
m. Upon applying a sequence of affine isometries converging to the identity mapping, we 
may suppose that y m = for all m G NU{oo}. Since K^ has non-trivial interior, by 
Lemma 4.27, Af(0; K^) is strictly contained in a hemisphere. By Lemma 4.28, there exists 
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N G A/"(0;Koo) such that for all (N, M) > for all M G M^K^). By compactness of 
A/^Ojifoo), there exists 9 G [0,tt/2[ such that (N, M) > 3cos(#) for all M G JV(0; We 
denote C = tan(6>). 

By Lemma 4.3, there exists r > and M G N such that B r (0) C £7 and, for all m ^ M, 
for all x G (dK m ) fl -B r (0) and for all M G J\f(x;K m ), (N, M) > 2co s(6>). Upo n extracting 
a subsequence, we may suppose that M = 1. We denote p = r/y/1 + AC 2 . By Lemma 
4.23, there exists N', which we may choose as close to N as we wish such that for all 
x G -ftToo \ .60/2(0), (x, N') < 0. Moreover, we may assume that for all m G NU {00}, for 
all x G (dK m ) f]B r (0) and for all M G N(x; K m ), (l\T, M) > cos(0). 

Upon applying a rotation, we may suppose that N' = — e n +i. By Theorem 4.13, for all 
m G NU {00}, there exists a convex, C-Lipschitz function f m : B'(0) — >] — Cp, Cp[ such 
that fm = and (dK m ) C\(B' (0) x] — 2Cp, 2Cp[) coincides with the graph of / m over B' (0). 

Since / m (0) = and / m is C-Lipschitz for all m, by the Arzela-Ascoli theorem, every 
subsequence of (/ m )meN has a subsubsequence converging in the local uniform sense over 
B' p (0) to some limit say. Since (if m ) me N converges to iiToo in the Hausdorff sense, it 
follows that = /oo, and we conclude that (/ m ) m gN converges in the local uniform sense 
over S;(0) to Z^. 

By construction, foo(x') > for all x' G 9S^ 2 (0). By compactness, there exists 5 > 
such that foo(x') > 45 for all x' G <9i?^ 2 (0). Since (fm)m€N converges locally uniformly 
to foo over B' p (0), there exists M G N such that for all m ^ M, and for all x' G S^ 2 (0), 
fm(x') > 25. Upon extracting a subsequence, we may suppose that M = 1. 

For all m, since / m (0) = 0, and f m is C-Lipschitz: 

||/ m |^ /2(0) ||i^C(l + p/2). 

Thus, by Lemma 4.26, there exists C 2 > such that for all m and for all x G B' p ^ 2 (0): 

\25-fm(x)\\\D 2 f m (x)\\^C 2 . 

Since /<x>(0) = 0, by continuity, there exists s G]0,p/2[ such that foo(x') ^ 5/2 for all 
x' G B 8 (0). Since (/ m ) m eN converges locally uniformly to /oo, there exists M G N such 
that for all m ^ M, and for all x G -B s (0), fm( x ') ^ <5- Upon extracting a subsequence, 
we may suppose that M = 1. Then, for all m G N and for all x G -B s (0): 

\\D 2 f m (x)\\^C 2 /5. 

By the Krylov estimates (c.f Theorem 2.29), there exists a > and C 2 , a > such that for 
all m G N: 

H^ m lsl /2 (o)ll 2 + a ^ C ' 2 . a - 

By the Schauder estimates (c.f. Theorem 2.28), for all k G N, there exists C& > such 
that for all m G N: 
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By the Arzela-Ascoli theorem, every subsequence of (/ m ) m eN has a subsubsequence which 
converges in the C°° sense over B s / 4 (0) to some limit say. Since (/ m ) m gN converges 
uniformly to /oo, it follows that = /oo. We conclude that (/ m )meN converges to /oo in 
the C°° sense over B S / 4 (Q). In particular, /oo is smooth over B' a , 4 (0) and its graph has 
constant gaussian curvature equal to k. In other words, (dK^) fl(S^ 4 (0)x] — 2Cp, 2Cp[) 
is smooth and has constant gaussian curvature equal to k as desired. □ 
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5 



Duality of Convex Sets 



We continue our study of the elementary geometry of convex sets. In particular, we 
investigate the concept of duality for subsets of the sphere, showing how it is closely 
related to the concept of the convex hull, which we introduced in the preceeding chapter. 
We introduce the infinitesimal link of a given boundary point of a given compact, convex 
set with non-trivial interior. We define this to be an open subset of the sphere, and we show 
that it coincides with the dual of the set of supporting normal vectors to the convex set at 
that point. This consequently allows us to prove the most important result of this chapter, 
being Theorem 5.23 which determines the supporting normal set of the intersection of two 
given convex sets at any point on the boundary of this intersection. 

While the results of this chapter are of use in the sequel, it is only tangential to the main 
flow of this text. In particular, Theorem 5.23, although interesting, may be substituted by 
ad-hoc arguments in the relatively straightforward cases where it will be applied. 

5.1 Open Half Spaces and Convex Hulls. 

Let N be a unit vector and let t > be a positive real number (possibly +oo). We define 
the subset H(N,t) of R n+1 by: 

H(N,t) = {x | (x, N) <£}. 

We refer to -ff(N, t) as the open half-space normal to N of height t. Observe that, for all 
N, ff(N,oo) = R n+1 . 
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Lemma 5.1 

If K is an open, convex subset of R n+1 , then K = (K)°. 

Proof: Since K is open, K C (K)°. We now show that (K)° C K. By Lemma 4.14, K is 
convex. Choose x G (K)°. Without loss of generality, we may suppose that x = 0. Choose 
5 > such that Bg(0) C K. Then KflBj(O) is a dense subset of Bg(0). Upon applying a 
homothety, we may suppose that 5 = 2. Choose x±, Xk G -Bi(O) such that: 

0Bi(O) C U Bi(xi). 

i=l 

Since ifnB{(0) is dense, upon perturbing xi,...,Xk if necessary, we may suppose that 
Xi G K for all z. Define L by: 

i=l i=l J 

Observe that L is compact and convex. Moreover, by convexity of K, L is contained in K. 
We claim that is an element of L. Indeed, suppose the contrary. Let y G L be the point 
minimising distance to 0. Denote N = — y/||y||. By Lemma 4.5, N is a supporting normal 
to L at y. By definition of supporting normals, for all z G L, (z — y, N) $C 0. In particular, 
for all 1 ^ i ^ k, since G L: 

(^,N) = (^-y,N> + (y,N)<;-||y||<0. 

Thus, for all i: 

\\ Xi - Nf = ||x,|| 2 - 2(xi, N) + ||N|| 2 > 1. 

However, by definition of x±, Xk, there exists 1 ^ i ^ k such that \\xi — N|| 2 < 1. This is 
absurd, and it follows that G L C K as asserted. Since x G is arbitrary, it follows 

that (K)° C K and so the two sets coincide as desired. □ 

Theorem 5.2 

For any subset X of R n+1 , the convex hull of X coincides with the intersection of all open 
half-spaces containing X . 

Proof: We denote by X the intersection of all open half-spaces containing X. Since 
every open half-space is also convex, it follows from the definition of the convex hull 
that Conv(X) C X. We now aim to show that X C Conv(X). Indeed, suppose the 
contrary. Choose x G X \ Conv(X). By definition, there exists an open, convex set K 
such that X C K and x ^ K. By Lemma 4.14, K is also convex. For all r > 0, denote 
K r = K n B r (x). Observe that for all r > 0, K r is compact and convex. We have two cases 
to consider. Suppose first that x G M. n+1 \ K. Choose r > such that K r is non-empty. 
Let y be a point in K^ r minimising distance to x. Denote N = (x — y)/\\x — y||. By Lemma 
4.5, N is a supporting normal to K 2r at y. Observe that y G K r C B 2r {x). Thus, by 
Lemma 4.9, for all s ^ 2r, N is also a supporting normal to _ftT s at y. In particular, for all 
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z E if, there exists s > such that z E if s and so, by definition of supporting normals 
(z - y, N) ^ 0. Thus: 

(z - x, N) = ((z -y) + (y- x), N) sC -\\x - y\\ < 0. 

Now suppose that x £ ~K \ if. By Lemma 5.1, if = (K)°, and so x £ K \ if = Ti\{K)° = 
dK. Choose r > 0. Then x £ <9if r . Let N be a supporting normal to K r at r. By 
Lemma 4.9, for all s ^ r, N is also a supporting normal to if s at y. In particular, for 
all z £ if, there exists s > such that z £ if s and so, by definition of supporting 
normals (z — x, N) < 0. Moreover, since if is open, for all z £ if , (2 — x, N) < 0. In 
both cases, we conclude that if C if(N, (N,x)) and so, by definition, X C iiT(N, (N,x)). 
However, a; ^ -ff(N, (N, x)) and so a; ^ X. Since a; ^ Conv(X) was arbitrary, it follows that 
R n+1 \ Conv(X) C R n+1 \X. Taking complements yields X C Conv(X), and the two sets 
therefore coincide as desired. □ 

We also have the following complement of Lemma 5.1: 
Lemma 5.3 

If K is a compact, convex subset of M. n+1 with non-trivial interior, then K = K°. 

Proof: Since K C K and since K is closed, K C K. Conversely, choose x £ K . Since K 
has non-trivial interior, there exists y £ K° . Choose 5 > such that Bs(y) C if. Bearing 
in mind that if is convex, for all z £ B t s(0) and for all t £]0, 1]: 

(1 - t)x + ty + z = (1 - t)x + t(y + t- x z) £ if. 

It follows that B t s((l — t)x + ty) C if and so (1 — t)x + ty E if °. Taking limits as t tends 
to 0, we deduce that x E if °. Since x £ if is arbitrary, it follows that if C if °, and so the 
two sets coincide as desired. □ 

5.2 Convex Subsets of the Sphere. 

Let N , Ni £ E n be points in the sphere. We say that N and Ni are non-antipodal 

whenever N + Ni 7^ 0. In this case, we define N : [0, 1] -> E n by: 

= (I-jQNq + sNx 
1 } ||(l- S )N + sN 1 ||- 
Observe that since N + Ni 7^ 0, N s is defined for all s. We refer to N as the great-circular 
arc joining Nq to Ni. This terminology is justified by the following result: 

Lemma 5.4 

If No, Ni £ E n are distinct non-antipodal points of the sphere, then there exists a unique 
great circle C passing through No and Ni. Moreover, if N is the great-circular arc joining 
N to Ni then, for all s E [0, 1], N(s) is an element of C. 

Proof: Observe that every great circle in E n coincides with the intersection of E n with a 
plane in M n+1 passing through the origin. Conversely, the intersection of any such plane 
with E n is a great circle. Since Nq and Ni are distinct and non-antipodal, they are linearly 
independant. There therefore exists a unique plane E C M. n+1 passing through the origin 
such that Nq, Ni £ E. C = En E n is therefore a great circle passing through N and Ni 
and uniqueness follows by the uniqueness of E. Finally, for all s, N(s) EE and N(s) £ E n , 
and it follows that N(s) is an element of C = E n E n as desired. □ 
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Lemma 5.5 

If X is a subset of E n which is strictly contained in a hemisphere, then no two points of 
X are antipodal. 

Proof: Suppose the contrary. Let N G E n be such that (N, M') < for all M' G X. Let 
Mi and M' 2 be two antipodal points of X. In particular, M[ = -M' 2 . Then (N, M^} < 0. 
However, (N, M^) = -(N, M 2 ) > 0. This is absurd, and the result follows. □ 

Let X be a subset of E n which is strictly contained in a hemisphere. By Lemma 5.5, no 
two points of X are antipodal and so there is a well defined great- circular arc joining any 
two points of X . We say that X is convex whenever it has in addition the property that 
for all Nq, N x G X, the great- circular arc joining Nq and Ni is also contained in K. 

For all N G E n , we define the subset EH(N) of E n by: 

£»(N) = {x | (x, N) < 0}. 

We refer to EH(N) is the open hemisphere defined by N. In particular, when N = e n , 
we define the southern hemisphere E" of E n by EH = E_(e n ). We now identify W n+1 
with the product M n x ffiL Observe that EH then coincides with the intersection of E with 
R n x] - oo, 0[. We define the mapping P : EH ->■ R n by: 

P(x',t) = -x' It. 

We refer to P as the afRne projection of E" onto W 1 . 
Lemma 5.6 

P defines a smooth diffeomorphism from E™ onto M 71 . 

Proof: We define P : R n x] — oo, 0[— > R n by P(x',t) = —x'/t. Observe that P is smooth 
and since P coincides with the restriction of P to E" , it is therefore also smooth. We define 
Q : R n — > E™ by Q(x') = (x\ — 1)/a/1 + ||^'|| 2 - Observe that Q is smooth. Moreover, for 
all (x',t) G EH, bearing in mind that \\x'\\ 2 + 1 2 = 1: 

(QoP)(x',t) = Q(-x'/t) = (-x'/t,-l)/y/l + x 2 /t 2 = (x',t). 

Conversely, for all x' G M n : 

(P o Q)(x') = P((x', + \\x'\\ 2 ) = x'. 

We conclude that P is a smooth diffeomorphism with inverse Q as desired. □ 
If X is a subset of E n , we define Cone(X), the cone of X by: 

Cone(X) = {tx\t G]0, oo] L x e X} . 

For any unit vector N in JR n+1 , we define the linear half-space H(M) by H(M) = #(N, 0). 
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Lemma 5.7 

X is a convex subset of E n+1 if and only if Cone(X) is convex and is contained in a linear 
half-space. 

Proof: Suppose first that X is convex. In particular, X is strictly contained in a hemi- 
sphere. Let N G S" be such that for all Mel, (N, M) < 0. Choose x E Cone(X). There 
exists Mel and t > such that x = tM. Thus: 

(N,x) = (N, tM) < 0. 

Since x E Cone(X) is arbitrary, it follows that Cone(X) is contained in the linear half- 
space H(N). Now choose xq,x\ E Cone(X). Choose N , Ni E X and t ,ti e]0,oo[ such 
that xq = to No and x\ = t\H\. Let N be the great-circular arc joining No to Ni. Since X is 
convex, N(s) E X for all s E [0,1]. Thus, for all s, (l-s)N + sNi = ||(1 -s)N + sN 1 ||N(s) 
is an element of Cone(X). In other words, the straight-line segment joining N to N x is 
contained in Cone(X). By homogeneity, the straight-line segment joining t No to tiNi is 
also contained in Cone(X) and it follows that Cone(X) is convex as desired. 

Now suppose that Cone(X) is convex and is contained in a linear half-space. Choose 
NeS™ such that Conv(X) C H(H). Observe that X C Cone(X). Thus, for all Mel, 
(N, M) < 0, and so X is strictly contained in a hemisphere. Now choose No, Ni E X . Let N 
be the great circular arc joining Nq to Ni. Choose s E [0, 1]. Since Cone(X) is convex, (1 — 
s)N + sNi E Cone(X). Thus, by homogeneity, N(s) = ((1-s)N + sNi)/||(1-s)N + sNi|| 
is also an element of Cone(X). However, N(s) E E n , and so N(s) E Cone(X) n E n = X. 
Since N , Ni in X and s E [0, 1] are arbitrary, it follows that X is convex as desired. □ 

Lemma 5.8 

If X is a subset of EH, then X is convex if and only if P(X) is convex. 

Remark: Using this result, we are able to apply the theory of convex subsets of M, n+1 as 
developed in Section 4 to convex subsets of the sphere. 

Proof: We identify M. n with the affine hyperplane R = MJ 1 x {—1} in We observe 

that if X is a subset of then P(X) = Cone(X) DR. Now suppose that X is convex. 
Then, by Lemma 5.7, Cone(X) is convex, and so P(X) = Cone(X)(~)R is also convex 
as desired. Conversely, suppose that P(X) = Cone(X)f]R is convex. Then Cone(X) is 
convex, and so, by Lemma 5.7, X is convex, as desired. □ 

The mapping P sends the set of open hemispheres bijectively onto the set of open half- 
spaces: 

Lemma 5.9 

For every open hemisphere S™, P(E" C\S™) is an open half-space. Conversely for every 
open half-space H, there exists a unique open hemisphere £1! such that P(E™ fl S™) = H. 

Proof: As in the proof of Lemma 5.8, we identify M n with the affine hyperplane R = W 1 x 
{-1} in R n+1 . Observe that every open hemisphere in E n coincides with the intersection 
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of E n with a unique, open, linear half-space in R n+1 . Conversely, the intersection of any 
open, linear half-space in M. n+1 with E n as an open hemisphere. Likewise, every open 
half-space in R coincides with the intersection of R with a unique, open, linear half-space 
in M n+1 . Conversely, the intersection of any open, linear half-space in IR n+1 with R is 
an open half-space in R. Now let S be an open hemisphere in E n . Let H be the open, 
linear half-space in M. n+1 whose intersection with E n is S. Then P(S) = H C\R is an open 
half-space, as desired. Conversely, let H be an open half-space in R. Let H' be the unique 
open, linear half-space in IR n+1 whose intersection with R is H. Denote S = E n n H' . Then 
P(S r\S™) = H. Moreover, since H' is unique, so is S, and this completes the proof. □ 

Let X be a subset of E n . If X is strictly contained in a hemisphere, then we define 
Conv(X) to be the intersection of all open convex subsets of E n containing X. We call 
Conv(X) the convex hull of X. Upon applying a rotation, we may suppose that X is 
strictly contained in E~. The following results are thus completely general: 

Lemma 5.10 

If X is strictly contained in E™ , then: 



Proof: Choose x £ Conv(P(X)). Let K be an open, convex subset of E n containing X . 
Observe that E™ is also open and convex, and therefore so too is KnS". Observe that 
P(X) C P(K n E"). By Lemma 5.6, P(K fl E") is open. By Lemma 5.8, P(K n E") 
is convex. By definition of Conv(P(X)), x £ P(K). By Lemma 5.6, P~ 1 {x) £ if HE™. 
Since K is an arbitrary, open, convex subset of E" containing X, it follows that £ 
Conv(X) and so x £ P(Conv(X)). Conversely, choose x £ P(Conv(X)). By Lemma 
5.6, P~ 1 (x) £ Conv(X). Let K be an open, convex subset of W 1 such that P(X) C if. 
Observe that X C P _1 (if). Moreover, since P is continuous, P -1 (if) is open. By Lemma 
5.8, P- 1 ^) is convex. By definition of Conv(X), P~ 1 (x) £ p-^iT). It follows that 
x £ K. Since if is an arbitrary, open, convex subset of MJ 1 containing P(X), it follows 
that x £ Conv(P(X)), and we conclude that P(Conv(X)) coincides with Conv(P(X)) as 
desired. □ 

Lemma 5.11 

Let X be a subset of E n which is strictly contained in a hemisphere. If X is open, then 
Conv(X) is open. If X is closed, then Conv(X) is closed. 

Proof: Suppose that X is open (resp. closed). By Lemma 5.6, P(X) is open (resp. 
compact). By Lemmas 4.15 and 4.16, Conv(P(X)) is open (resp. compact). By Lemma 
5.6, P _1 (Conv(P(X)) is open (resp. closed). Bearing in mind Lemmas 5.6 and 5.10: 



P(Conv(X)) = Conv(P(X)). 



P _1 (Conv(P(X)) = P 



l 



(P(ConvpO) = Conv(X), 



and it follows that Conv(X) is open (resp 



closed) as desired. □ 
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Lemma 5.12 

If K is a convex subset of E n , and if K is either open or closed, then Conv(K) = K. 

Proof: By definition, K C Conv(K). If K is open, then by definition, Conv(K) C K 
and so the two sets coincide as desired. Suppose that K is closed. In particular, K is 
compact. Thus P(K) is compact. By Lemma 5.8, P(K) is convex. By Lemma 4.17, 
Conv(P(K)) = P{K). By Lemma 5.6, P~ x (Conv (P(K))) = K. Thus, bearing in mind 
Lemmas 5.6 and 5.10: 

K = P- 1 (Conv (P(K))) = p- 1 (P(Conv( J ftT))) = Conv(K), 

as desired. □ 
Lemma 5.13 

Let X be a subset of E n . IfX is strictly contained in a hemisphere, then Conv(X) coincides 
with the intersection of all open hemispheres containing X . 

Proof: We denote by X the intersection of all open hemispheres containing X. We claim 
that P(X) = Conv(PpT)). Recall that, by Theorem 5.2, Conv(P(X)) is the intersection 
of all open half-spaces containing P(X). Choose x G X. Let H be an open half-space 
in R n containing P(X). Observe that X C _P _1 (/i"). By Lemma 5.9, there exists an 
open hemisphere S such that P~ 1 (H) = SnE™. By definition of X, x G S, E". In 
particular, x G SHE™ = p- x (H) and so P(x) G if. Since H is an arbitrary open half- 
space containing P(X), it follows by Theorem 5.2 that P(x) G Conv(P(X)). Conversely, 
choose x G Conv(P(X)). Let 5" be an open hemisphere containing X. Observe that 
P(X) C P(S , nE"). By Lemma 5.9, P(5 , flE") is an open half-space. By definition of 
Conv(PpT)), x G P(-SnE^). By Lemma 5.6, P~ 1 (x) G SHE! C 5. Since S is an 
arbitrary open hemisphere containing X it follows by definition of X that P~ 1 (x) G X 
and so x G P(X). We conclude that P(X) = Conv(P(X)). Thus, by Lemma 5.10, 
P{X) = Conv(P(X)) = P(Conv(X)) and so by Lemma 5.6, X = Conv(X) as desired. □ 

5.3 Duality. 

Let X be a subset of E n . We define the dual subset X* to X by: 

I* = {M e E n (N, M) < V N G X} . 

Lemma 5.14 

If X is non-empty, then X* is strictly contained in a hemisphere. Conversely, if X is 
strictly contained in a hemisphere, then X* is non-empty. 

Proof: Suppose X is non-empty. Choose NgI. By definition, for allM el*, (M,N) < 
and so X* is strictly contained in a hemisphere as desired. Now suppose that X is strictly 
contained in a hemisphere. Let M G E n be such that (N, M) < for all N G X. By 
definition, M G X* and so X* is non-empty, as desired. □ 
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Lemma 5.15 

If X is closed, then X* is open. If X is open, then X* is closed. 

Proof: Suppose X is closed. Choose M G X* . By compactness of X, there exists e > 
such that (N, M) < -e for all N in X. If M' G B e (M) n E n , then, for all NgI, bearing in 
mind the Cauchy-Schwarz inequality: 

(N, M') = (N, M' - M) + (N, M) 
^ IINIHIM'- M|| + (N,M) 
< e — e 
= 0. 

It follows that B £ (M)nS™ C X* and so X* is open as desired. 

Suppose X is open. Choose M G £ n \ X*. There exists H e X such that (N, M) ^ 0. For 
all s > 0, we denote N s = (N + sM)/||N + sM||. For all s > 0: 

< N »» M > = p^W< N + sM > M ) 

Since X is open, for sufficiently small s, N s G X. Upon replacing N with N s , we may 
therefore suppose that (N, M) > 0. Denote e = (N, M). If M' G B £ (M)nS n , then, bearing 
in mind the Cauchy-Schwarz inequality: 

(N, M') = (N, M' - M) + (N, M) 

^ -IINIHIM' - M|| + (N, M) 
> -e + e 
= 0. 

It follows that B e (M)nE" C E n \ X* . E n \ X* is thus open and it follows that X* is 
closed as desired. □ 

Lemma 5.16 

If X is non-empty, then X* is convex. 

Proof: By Lemma 5.14, X* is strictly contained in a hemisphere. Choose Mq, Mi G X* . 
By Lemma 5.5, Mq and Mi are not antipodal. Let M be the great-circular arc joining Mq 
to Mi. For all N G X and for all s G [0, 1]: 

< N > M (*)> = iKi-jMo+^ii ^a-^Mo + ^M!) 

= U iJm +sMl \\ ^ M «) + IKi-^Mo+.mj ^ Mi) 
> 0. 

It follows that M(s) is an element of X* for all s G [0, 1]. Since M , Mi G X* are arbitrary, 
we deduce that X* is convex as desired. □ 
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Lemma 5.17 

If X is strictly contained in a hemisphere, then X** = Conv(X). 

Proof: By Lemma 5.13, Conv(X) is the intersection of all open hemispheres containing 
X. By definition, for M G E n , X is contained in E_(M) if and only if M is an element of 
X*. Hence: 

X** = n E_(M) = n S_(M) = Convpn, 

M£X* XCE_(M) 

as desired. □ 
Lemma 5.18 

If Xi and X 2 are both strictly contained in the same hemisphere, then (Xi\JX 2 )* = 

x*nx*. 

Proof: Suppose M G (X 1 UX 2 )*. Then (N, M) < for all N G X 1 UX 2 and so M G 
XfOXl Conversely, if M G X^DX^, then (N, M) < for all N G X 1 U X 2 and so 
M G {X\ LiX 2 )*. It follows that these two sets coincide as desired. □ 

Lemma 5.19 

Let X\ and X 2 be convex subsets of E n contained in the same hemisphere. If X\ and X 2 
are either both open or both closed, then {X\ nX 2 )* = Conv(X^ UX 2 ). 

Proof: Suppose that X\ and X 2 are open (resp. closed). Since they are both convex, by 
Lemma 5.12, Xi = Conv(Xi) and X 2 = Conv(X2). By Lemma 5.17, Xi = Conv(Xi) = 
X$* and X 2 = Conv(X 2 ) = X$*. We denote Y x = X$ and Y 2 = X 2 *. Bearing in mind 
Lemma 5.18: 

{X{ U x^y = (Yi U Y 2 y = Y{ n Y 2 * =x 1 nx 2 . 
Thus, by Lemma 5.17: 

Conv(Xf UX|) = (XI UI 2 *)** = (x 1 nx 2 )*, 

as desired. □ 
5.4 Links. 

Let K be a compact, convex set with non-trivial interior. Let s be a boundary point of 
K. For r > 0, we define C r (x; K) C E n , the link of K of radius r about x by: 

C r (x;K) = {N | x + rN G K°} . 

When there is no ambiguity, we denote C r (x) = £ r (x;K). 
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Lemma 5.20 

For every boundary point x of K and for all r < s, C s (x) C C r (x). 

Proof: Indeed, choose N G C s (x). Then x + sN G Viewing N as an element of R n+1 , 
there exists 5 > such that for all V G -85(0), a; + sN + F G if. By convexity, for all 
V G B r5/S (0): 

x + rN + V = (1 - -)x + -(x + sN + -V) G if. 

s s r 

It follows that x + rN G and so N G £ r (x). Since N G £ s (x) is arbitrary, it follows 
that C a (x) C £ r (x) as desired. □ 

(£ r (x)) r> o therefore constitutes an increasing, nested family of open sets. We define 
C(x; K) C E n , the link of K at a; by: 

C(x;K) = U £ r (x;K). 

r>0 

When there is no ambiguity, we denote C(x) — C(x;K). Since it is the union of a family 
of open sets, C(x) is also open. 

We recall from Section 4 that for all x G OK, Af(x; K) is the set of supporting normal 
vectors to K at 1. 

Lemma 5.21 

Let K be a compact, convex set with non-trivial interior. Then for every boundary point 
x ofK, M(x;K) = C(x;K)*. 

Proof: Suppose that N G Af(x;K). By definition of supporting normals, for all z G K, 
(z - x, N) ^ 0. In particular, for all z G K°, (z - x, N) < 0. Choose M G C(x; K). Choose 
r > such that M G C r (x; K). Then x + rM G K° and so: 

r(M,N) = ((x + rM) - x, N) < 0. 

In particular (M, N) < and so, since M G C(x;K) is arbitrary, it follows that N G 
C(x;K)*. Conversely, choose N G C(x;K)*. Choose y G Denote r = \\y — x\\. Then 
(y -x)/r G £ r (x;K). Thus: 

(N,y-x) =r(N,(y-x)/r) < 0, 
Thus, since x G is arbitrary, it follows by continuity that for all x G K°: 

(N,y - x> ^ 0. 

However, since if has non-trivial interior, by Lemma 5.3, K = K°, and so (N,y — x) ^ 
for all y G It follows that N G A^(x; K) and the two sets therefore coincide as desired. □ 
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Lemma 5.22 

For every compact, convex set K with non-trivial interior, and for every boundary point 
x of K, M{x; K) is closed, convex and strictly contained in a hemisphere. 

Proof: By Lemma 5.21, Af(x; K) = C(x; K)*. Since K has non-trivial interior, C(x; K) is 
non-empty, and so, by Lemma 5.14, N(x;K) is strictly contained in a hemisphere. Since 
C(x; K) is open, by Lemma 5.11, J\f(x;K) is closed. By Lemma 5.16, M(x;K) is convex, 
and this completes the proof. □ 

Theorem 5.23 

Let K\ and K 2 be two compact, convex sets whose intersection has non-trivial interior. 
Choose x G d(K 1 n K 2 ). Then: 

(1) ifx G (<9Ki)nif 2 °, then M{x; K x n K 2 ) =N(x;K 1 ); 

(2) ifx G K° n(dK 2 ), then N(x; K 1 n K 2 ) = N(x; K 2 ); and 

(3) ifx G (dK 1 )n(dK 2 ), then N(x;K 1 nK 2 ) = Conv(AT(x; K±) U N(x; K 2 )). 

Proof: Cases (1) and (2) follow from Lemma 4.9. Hence suppose that x G (dKi) C\(dK 2 ). 
Observe that: 

£(x;^n^ 2 ) = £(x;Ki)n£(x;K 2 )- 
Thus, bearing in mind Lemmas 5.19 and 5.21: 

A/"(£;KinK 2 ) =C{x-K 1 nK 2 )* 

= {Cix-K^ncix-K^y 

= Conv(£(x; Kj* U C{x; K 2 )*) 
= Conv(A^(x; K x ) l)N(x; K 2 )), 

as desired. □ 
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6 



Weak Barriers 



We use an approximation technique to solve a general Plateau problem in Euclidean Space. 
Let X be a compact set whose convex hull has non-trivial interior. This set replaces the 
prescribed boundary. Let k be a positive real number. We define a weak barrier of gaussian 
curvature at least k to be any compact, convex set containing X which is, roughly speaking, 
a limit in the Hausdorff sense of a sequence of compact, convex sets with smooth boundary 
and gaussian curvature at least k. We show that the set of weak barriers is closed under 
finite intersections and passage to the limit in the Hausdorff topology. This allows us 
to show that within the family of those weak barriers of gaussian curvature at least k 
which contain X , there exists a unique element Kq minimising volume. Refining the proof 
that the family of weak barriers is closed under finite intersection, we define an excision 
operation which, bearing in mind Theorem 4.29, allows us to show that {8Kq) \ X is 
only singular at points where it possesses the local geodesic property. Finally, an ad-hoc 
argument allows to exclude such points, from which we deduce that {3Kq) \ X is smooth 
and has constant gaussian curvature equal to k. This construction allows to achieve our 
stated objective, being the proof Theorem 1.2, which solves a general Plateau problem for 
hypersurfaces of constant gaussian curvature Euclidean Space. We leave the enthusiastic 
reader to investigate how these techniques readily extend to the case where the curvature 
is prescribed by position in the ambient space as well the cases where the ambient space 
is either Hyperbolic Space or the sphere. 

Proving the closure of the family of weak barriers under finite intersections is rather tech- 
nical. Sections 6.1 to 6.3 inclusive are devoted to developing the necessary preliminary 
material for reaching this conclusion, which follows from a detailed study of the second 
derivatives of distance functions to convex sets (which are defined almost everywhere) and 
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their behaviour under the application of smoothing functions. The most important result 
of these sections is Theorem 6.34 which shows that if two convex sets have smooth bound- 
ary of gaussian curvature at least k, and if their intersection has non-trivial interior, then 
this intersection can be approximated by convex sets with smooth boundary of curvature 
at least k — e, where e > may be chosen as small as we wish. This result is useful for 
constructing convex barriers in more general settings, and we leave the enthusiastic reader 
to verify that it continues to hold in any riemannian manifold. 

6.1 Distance Functions. 

Let if be a compact, convex subset of R n+1 . Let cIk : M. n+1 — > [0, oo[ be the distance in 
R n+1 to K: 

(1k(x) = inf \\x — y\\ 
y eK 

We first aim to show that dx is convex. 
Lemma 6.1 

The function x \- > \\x\\ is convex. The function x i— > \\x\\ 2 is strictly convex. 

Proof: Choose x, y G lR n+1 . Then, bearing in mind the Cauchy-Schwarz inequality, for all 
t in the open interval ]0, 1[: 

||(1 _ t )x + tyf = (1 - t)\\x\\ 2 + 2(1 - t)t(x, y) + t 2 \\y\\ 2 

^ (l-t)\\x\\ 2 + 2(l-t)t\\x\\\\y\\+t 2 \\y\\ 2 (C) 
= ((l-t)\\x\\+t\\y\\) 2 . 

Taking square roots, we conclude that ||(1 — t)x + ty\\ ^ (1 — i)||a;||+t||y|| and it follows 
that the function x >->■ ||x|| is convex as desired. Observe that since t ^ 0, 1, equality holds 
in (C) if and only if x and y are colinear and point in the same direction. Moreover, by 
strict convexity of the function t >->■ t 2 , for all t e]0, 1[: 

((l-t)\\x\\+t\\y\\) 2 ^(l-t)\\x\\ 2 + t\\y\\ 2 , 

with equality if and only if ||x|| = \\y\\. It follows that for all t e]0, 1[: 

\\(l-t)x + ty\\ 2 ^(l-t)\\x\\ 2 + t\\y\\ 2 , 

with equality if and only if x and y are colinear, point in the same direction and have the 
same norm. That is, equality holds if and only if x = y. Thus, for all x ^ y and for all 
*G]0,1[: 

\\(l-t)x + ty\\ 2 < (l- t )\\x\\ 2 + t\\y\\ 2 , 
and so the mapping x >->■ ||x|| 2 is strictly convex, as desired. □ 
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Lemma 6.2 

If K is a compact, convex subset of R n+1 , then the function dx is a convex function over 
R n+1 . 

Proof: Indeed, choose xq,x\ G R n+1 . For all t G [0, 1], define x t = (1 — t)xo + tx\. By 
compactness, there exists yo,Vi G K minimising the distance to xq and x\ respectively. 
For all t G [0,1], denote yt = (1 — t)yo + ty\. By convexity, yt G K for all t, and so 
dxixt) ^ || %t — yt\\- However, for all t G [0, 1]: 

\\x t -yt\\ = ||(1 -t)(x -y ) +t(x! -yi)\\. 

It follows from Lemma 6.1 that t >->■ \\x t — yt\\ is a convex function of t. In particular, for 
all te [0,1]: 

dxixt) ^ ||xt - y t \\ < (1 - t)||x - 2/0 1| + *lki — 2/1 1| = (1 — t)d K (x ) + td K {x\). 
Since £0,^1 G R n+1 and t G [0, 1] are arbitrary, it follows that dx is convex as desired. □ 

We now aim to show that there is a well-defined closest point projection from R n+1 \ K 
onto K. 

Lemma 6.3 

Let K be a compact, convex subset of R n+1 . Choose x G R n+1 \ K. There is at most one 
point y in the boundary of K with the property that x = y + tN for some t > and for 
some supporting normal N to K at y. 

Proof: Suppose the contrary. Let y and y' be two such boundary points of K. Let N 
and N' be supporting normals to K at y and y' respectively and let t, t' > be such that 
x = y + tN = y' + t'N' '. By definition of the supporting normal: 

(y'-y,N), (y - y', N') ^ 0. 

In particular: 

(y'-y,x-y), (y - y',x - y') ^ 0. 

Summing these two relations yields ||y' — y\\ 2 ^ 0. Thus ||y' — y|| = and so y' = y, and 
uniqueness follows. □ 

Lemma 6.4 

Let K be a compact, convex subset of R n+1 . For all x G R n+1 , there exists a unique point 
y G K minimising distance to x. 

Proof: Choose x G R n+1 . Since K is compact, there exists y G K minimising distance 
to x. If x G K, then y = x and so y is unique. If x G R n+1 \ K, then we denote 
N = (x — y)/\\x — y\\. By Lemma 4.5, y is a boundary point of K and N is a supporting 
normal to K at y. In particular x = y + \\x — y||N. By Lemma 6.3, there can only exist 
one such boundary point, and uniqueness follows. □ 

We define 11^ : R n+1 — y K to be the nearest point projection. We show that 11^ is related 
to the derivative of dx- We first prove a preliminary result: 
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Lemma 6.5 

Let if i ^ <p 2 ^ ^3 : -Si(O) — 7- M be continuous functions. Suppose that <pi and 993 are 
differentiable at 0. If </?i(0) = 993(0) and _D<£>i(0) = D(p 3 (0), then ip 2 is also differentiate 
at and D(p 2 (0) = LVi(O) = D(p 3 (0). 

Proof: We denote A = Dipi(0) = D(f s(0). Choose e > 0, by definition of differentiability, 
there exists 5 > such that if V is any vector with ||V|| ^5: 

<Pi(V) - <Pi(P) ~ MV) >-e\\V\\. 

Thus, by hypothesis: 

<p 2 (V) - <p 2 (0) - A(V) > -e\\V\\. 
Likewise, reducing 5 if necessary: 

MV) -(P2(0)-A(V) e \\V\\. 

and so: 

\<pz(V) - MO) ~ MV)\ <e\\V\\. 

Since e > and ||V|| ^ S are arbitrary, if follows that (p 2 is differentiable at with derivative 
equal to A as desired. □ 

Lemma 6.6 

If K be a compact, convex subset of M. n+1 , then dx is differentiable at every point of 
R n+1 \ K and, for all x G R n+1 \ K: 

n_R-(x) = x — dK(x)DdK(x). 

Remark: This formula allows us in particular to deduce higher regularity of dx from the 
regularity of Uk ■ 

Proof: Choose x G R n+1 \ K. Denote N = (x - U K (x))/\\x - U K (x)\\. By Lemma 4.5, N 
is a supporting normal to K at Hk{x)- By definition of If^, for all y G M n+1 , Uxiy) G K. 
Thus, by definition of supporting normals, for all y G IR n+1 , (ILx(y) — Uk(x),N) $C 0. 
Thus, bearing in mind the Cauchy-Schwarz inequality and the fact that N has unit length, 
for all y: 

d K {y) = \\y-U K (y)\\ 

> (y-U K {y),M) 

= (y- U K (x), N) + (U K (x) - U K (y), N) 
^ (y-U K (x),N). 

On the other hand, d,K(y) ^ d(y, Hk(x)). Combining these relations yields: 

(y - U K {x), N) < d K {y) ^ d{y, U K {x)). 

Observe that the first and the last functions in this inequality are smooth at x. Moreover, 
they coincide at x and have derivative equal to N at that point. It follows by Lemma 
6.5 that dx is differentiable at x and DdK^x) = N. In particular, bearing in mind the 
definition of N: 

^k(x) = x — \\x — ILk(x)\\N = x — dK(x)DdK(x), 

as desired. □ 
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Lemma 6.7 

Let K be a compact, convex subset ofR n+1 . If x is a point of R n+1 \ K, then dx is twice 
differentiable at x if and only Uk is differentiate at x. Moreover, at such a point, for all 
vectors V and W: 

(DU K (x)(V),W) = (n(V), n(W)} - d K (x)D 2 d K (x)(V, W), 

where ir is the orthogonal projection from R n+1 onto (Ddx(x)) . 

Proof: By Lemma 6.6, for all x G IR n+1 \ K, dx is differentiable at x and Uk(x) = 
x — dK(x)DdK(x). Thus, by the product rule, if dx is twice differentiable at x, then Tlx 
is differentiable at x. Conversely, Ddxix) = (x — Wk{x)) / dK^x). Thus, since dxix) does 
not vanish over R n+1 \ K, by the quotient rule, if Tlx is differentiable at x, then so is Ddx- 
Finally, if Ddx and 11^- are differentiable at x, then differentiating the relation in Lemma 
6.6 yields: 

(DU K (x)(V),W) = (V,W) - (V,Dd K (x))(W,Dd K (x)) - d K (x)D 2 d K (x)(V, W) 
= (n(V),n(W)) - d K (x)D 2 d K (x)(V,W), 

as desired. □ 

Having established the relationship between Ddx and II^, we determine the regularity of 

n K : 

Lemma 6.8 

Let K be a compact, convex subset of IR n+1 . Then Tlx is 1-Lipschitz. 

Proof: If x, x' G K, thenll^^) = x and Uk(x') = x' . In particular, ]| (a;) — Uk(x') \\ = 
\\x — x'\\ as desired. If x G K and if x' G M n+1 \ K, then ttk(x) = x. Define y' = Hk(x'). 
By Lemma 4.5, (x' — y')/\\x' — y'\\ is a supporting normal to K at y' . In particular, by 
definition of supporting normals (x — y',x' — y') ^ 0. Thus: 

\\ X - X 'f = \\( X - y>) - ( X > - y')f 

= \\x — y'\\ 2 — 2(x — y', x' — y') + \\x' — y'\\ 2 
^ \\x - y'\\ 2 + \\x' - y'\\ 2 
> \\x-y'\\ 2 . 

Taking square roots yields ||Ilx(x) — n^(x')|| ^ | X X 1 1 ctS desired. Finally, choose 
x, x' G M. n+1 \ K. Denote y = Uk(x), y' = Uk(x'). By Lemma 4.5, (x — y)/\\x — y\\ and 
(x' — y')/\\x' — y'\\ are the supporting normals to K at y and y' respectively. In particular, 
by definition of supporting normals: 

(y' -y,x-y},(y- y', x - y) 0. 

Consequently: 

(x -x',y- y') =(x-y,y-y') + (y- y', y - y') + (y' -x',y- y') 

> \\y-y'\\ 2 - 

Thus, bearing in mind the Cauchy-Schwarz inequality: 

\\y-y'\\ 2 ^ (x-x',y-y') ^ 

and so 

\\y-y'\\(\\x-x'\\-\\y-y'\\)>0. 
It follows that \\y — y'\\ ^ \\x — x'\\, as desired. □ 
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Lemma 6.9 

If K is a compact, convex subset ofR n+1 , then Uk is differentiate almost everywhere. 
Moreover, the pointwise derivative of Uk coincides with its distributional derivative, and 

\\du k (x)\\ LO o <; 1. 

Proof: Since Uk is Lipschitz, it follows from Rademacher's Theorem (c.f. Theorem 5.2 
of [20]) that Uk is differentiable almost everywhere and, moreover, that the pointwise 
derivative of Uk coincides with its distributional derivative. Now choose x G IR n+1 such 
that TIk is differentiable at x. For any vector V: 

DU K (x)(V) = Urn -m K {x + tV) - U K (x)) 

t— >-0,t^0 t 

Thus, bearing in mind Lemma 6.8 and the fact that the function x h-> \\x\\ is continuous: 

\\DU K (x)(V)\\ = || Lim t _ 0l ^o j( U k(x + tV) - U K (x))\\ 
= Lun t ^ 0ttji0 \\\U K (x + tV)-U K (x)\\ 



Since V is arbitrary, it follows that ||£)ILx(a;)|| ^ 1 and since x is arbitrary, we conclude 
that ||L>nK||Loo ^ 1 as desired. □ 

Lemma 6.10 

If K is a compact, convex subset ofM. n+1 , then dK is twice differentiable almost everywhere 
in R n+1 \ K. Moreover, the pointwise second derivative of dK coincides with its second- 
order distributional derivative, and if dK is twice differentiable at x G M. n+1 \ K, then 
\\D 2 d K {x)\\ ^2/d K {x). 

Proof: By Lemmas 6.7 and 6.9, dK is almost everywhere twice differentiable in M. n+1 \ K. 
By Lemma 6.6, for all x G M n+1 \ K, DdK(x) = (x — Hk(x)) / 'dxix). Thus, since 
never vanishes over this set, it follows from the quotient rules for pointwise derivatives 
and for distributional derivatives that the pointwise derivative of DdK coincides with 
its distributional derivative, and so the pointwise second-order derivative of dK coincides 
with its second-order distributional derivative as desired. Finally, if DdK and DUk are 
differentiable at x, for all vectors V and W: 

D 2 d K (V,W) = -±—((t,{V)MW)) - (DU K (x)(V),W)), 
d K {x) 

where tx is the orthogonal projection from R n+1 onto {DdK(x)} ± . Since both n and 
DUk(x) have norm 1, we have: 

\D 2 d K (x)(V,W)\ ^ 1 



d K (x) 

and so ||L> 2 <i_f £ :(a;)|| ^ 2/dic(x) as desired. □ 

We also show that the second derivatives of dK are almost everywhere symmetric: 
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Lemma 6.11 

For almost all x G R n+1 \ K, cIk is twice differentiable at x and its second derivative is 
symmetric at that point. 

Proof: By Lemma 6.10, dx; has L^ c second-order, distributional derivatives over M n+1 \.ftT. 
We denote the second-order distributional derivative of cLk by A. Then, for any ip G 
Coo(Ig> n+1 y anc | f Qr a ^ i ^ i^j ^ n ^ by definition of distributional derivatives: 

I Rn +i\ K M x )( d h d j) ( P(x)dVo\ x = J Rn +i\ K d K (x)D 2 ip(x)(dj, di)dVo\ x 

= /r«+i\x d K (x)D 2 ip(x)(di, dj)dVo\ x 
= /r«+i\jc A(x)(d j ,d i )(p(x)dVol x . 

Since (p G Ci^ c (IR n+1 \K) is arbitrary, it follows that A(x)(di, dj) = A(x)(dj, di) for almost 
all x G R n+1 \ K. Since 1 ^ i, j ^ n is arbitrary, it follows that A(x) is symmetric for 
almost all x G M n+1 \ if. Thus, by Lemma 6.10, for almost all x G M. n+1 \K, dj< is twice 
differentiable at x, and for all 1 ^ i,j ^ n: 

D 2 d K (x)(d il d j ) = A(x)(di,dj) = A(x)(d jl d i ) = D 2 d K (x)(d jl d i ). 

D 2 dx(x) is therefore symmetric for almost all x G M n+1 \if where it is defined as desired. □ 

6.2 Convex Sets with Smooth Boundary. 

Let K he a compact, convex subset of R n+1 . Let U be an open subset of We 
denote U(K) = UD(dK), and we suppose that U(K) is smooth. We henceforth use the 
terminology of riemannian geometry (c.f. [7]). Let N : U(K) — > E n be the outward- 
pointing, unit, normal vector field over U(K). Let A be the shape operator of U(K) 
associated to this normal. That is, for all x G U(K) and for any vector V tangent to U(K) 
at x, A(x)(V) = DM(x)(V). 

If M G Symm(2, is a symmetric matrix over and if E is any subspace of M n+1 , 

we denote by Det(M; E) the determinant of the restriction of M to E. We are interested 
in estimating Det(D 2 dK', (Dd) ) near U(K). This quantity will be used in the sequel to 
estimate the gaussian curvature of smooth hypersur faces approximating K. 

In this section, we study the regularity of dx and Wk over U^(U(K)). We define $ : 
U(K) x [0,oo[^M n+1 by $(x,t) =x + M(x). 

Lemma 6.12 

$ is a smooth diffeomorphism from U(K) x [0, oof onto U~^(U(K)). 

Proof: We first show that Im($) = IT^(U(K)). Indeed, choose (x,t) G U(K) x [0,oo[. 
Then $>(x, t) = x + tN(x). By Lemma 4.5, x minimises the distance to $>(x,t) in K and 
so x = (II K o $)(x,t). In particular, $(x,t) G IY^(U(K)). Since (x,t) G U(K) x [0, oof 
was arbitrary, it follows that Im($) C I\~^(U(K)). Conversely, choose y G H^}(U(K)). 
Denote x = Hk(v) G U(K). By definition, x minimises the distance in K to y. If y G K, 
then y = x = &(x, 0) so that y G Im($) as desired. Otherwise, y G R n+1 \ K. By Lemma 
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4.5, there exists t ^ such that y = x + tM(x) = $>(x,t) and so y G Im(<£>) as desired. 
Since y G H~^{U{K)) was arbitrary, it follows that Ilj}(U(K)) C Im($), and the two sets 
therefore coincide as desired. 

We now claim that $ is injective. Indeed, suppose the contrary. There exists x,x' G U{K) 
and t,t' G [0, oo[ such that x + tN(x) = x' + t'N(x'). It follows from Lemma 6.3 that x = x' 
and so t = t' as desired. It remains to show that $ is smooth with smooth inverse. Choose 
(x, t) G U(K) x [0, oof. We denote by d t the unit vector in the t direction. Observe that: 



If follows that ||D$(a;, t)(V) || 2 > for all non-zero V and so D<&(x,t) is invertible. Since 
(x, t) G U x [0, oof is arbitrary, it follows from the inverse function theorem that $ is 
everywhere locally a smooth diffeomorphism. Thus, since $ is injective, it is a smooth 
diffeomorphism as desired. □ 

Lemma 6.13 

Let K be a compact, convex subset of M n+1 . Let U be an open subset of M n+1 . IfU(K) 
is smooth, then Ii K and dx are smooth functions over n- 1 (t/( J ftT)) \ K. Moreover, for all 
vectors V and W: 



Proof: Choose (x,t) G U(K) x [0, oof. Since = x + tN(x), by Lemma 4.5, x 

minimises the distance in K to t). It follows that (dx ° &)(x, t) = t and, by definition, 
(Ii K o = x. In particular, Ii K o $ and (i^ o $ are smooth functions. Composing 

with <fr _1 , it follows that <ix and LT^ are also smooth functions as desired. Now choose 
x G IT^{U{K)) \ K. Observe that U(IIk{x)) is the unique supporting normal to K at x. 
Thus, by Lemma 6.6: 



Since dx(x) ^ 0, it follows that DdK{x)(V) = (N(I1k(x)), V), as desired. Differentiating 
this relation yields D 2 d K (x)(V, W) = (A(U K (x))(DU K (x)(V)),W), as desired. □ 




(D$(x, t)(X, 0), t)(0, dt)) = (X + tA(x)(X), N(x)) = 0. 



Dd K (x)(V) 
D 2 d K (x)(V,W) 



(M(U K (x)),V), 
(A(U K (x))(DU K (x)(V)),W). 



d K (x)Dd K (x)(V) = (x-U K (x),V) = d K (x){M{U K {x)),V). 
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Lemma 6.14 

For every compact subset X ofU, there exists B > such that for all x G Ilj}(X n U(K))\ 
K: 

\\DU K (x) - n\\ < Bd K (x), 
where n is the orthogonal projection onto (Dd(x)) . 

Proof: Let B be such that || A(y) || ^ B for all y G X n U(K). By Lemma 6.9, \\DU K (x)\\ ^ 
1. By Lemma 6.13, for all vectors V and W: 

\D 2 d K (x)(V,W)\ = \{A(U K (x))(DU K (x)(V)),W)\ 
^ \\A(U K (x))\\\\V\\\\W\\ 
^ B\\V\\\\W\\. 

By Lemma 6.7, for all vectors V and W: 

(DU K (x)(V),W) = (tt(V), tt(W)) - d K (x)D 2 d K (x)(V, W), 

where tt is the orthogonal projection from R n+1 onto (Ddxix)) . Since (tt(V),W — 
tt(W)) = 0, it follows that: 

(Dn K (x)(V)-7r(V),W) = -d K (x)D 2 d K (x)(V,W). 

Thus: 

\(DU K (x)(V) - tt(V0, W0| ^ d(x) \D 2 d K (x)(V, W)\ ^ Bd K (x)\\V\\\\W\\, 

and it follows that H-Dn^t^) — tt|| ^ Bdxix) as desired. □ 
Lemma 6.15 

Choose k > and suppose that U(K) has gaussian curvature everywhere at least k. For 
every compact subset X of U and for all e > 0, there exists r > such that for all 
x G U'^X n U{K)) \ K, ifd K (x) < r, then Bet(D 2 d K (x); (Dd K {x))^) ^ (k - e) n . 

Proof: By compactness, there exists 5 > such that for all x G X n U(K) and for all 
M G B s (A(x)), Det(M; (Dd(x))- 1 -) > (fc - e) n . Let Ci be such that for all y G X n £7(iT), 
||A(y)|| < Ci. Let C 2 be as in Lemma 6.14. If x G II" 1 ^ fW(iO) is such that d(x) < 
S/C1C2, then, for all vectors V and W in (DdK(x)} ± : 

\(D 2 d(x)(V), W) - (A(U(x))(V),W)\ = \(A(U(x))(DU(x)(V) -V),W)\ 

< &\\V\\\\W\\. 

and so Det(D 2 d(x); (Dd(x))- 1 -) ^ (k - e) n as desired. □ 
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6.3 Intersecting Convex Sets. 

Let Ki and K 2 be compact, convex subsets of R n+1 whose intersection has non-trivial 
interior. Let U be an open subset of IR n+1 and suppose that both U(K\) and U(K 2 ) are 
smooth and have gaussian curvature at least k. Throughout the rest of this section we 
denote K = K\ n K 2 . We denote by Ni and N 2 the outward-pointing, unit, normal vector 
fields over Ki(U) and K 2 {U) and we denote by A\ and A 2 their respective shape operators. 
Moreover, we denote d = (Lk x dk 2 j di = d^ and d 2 = dx 2 , and IT = II k x nK 2 , III = 
and II2 = n^ 2 . We recall by Lemmas 6.10 and 6.11 that d is almost everywhere twice 
differentiate with symmetric second derivative. We are interested in estimating lower 
bounds for Det(D 2 d; (Dd)^. There are four different cases to consider: 

Lemma 6.16, Case 1 

If x e n _1 (£/"(.ftr) n(dKi) n K 2 ) \ K thend = d 1 and 11 = III. 

Remark: Observe that this set is open, and so Dd = Dd x and D 2 d = D 2 d 1 over this set. 

Proof: Denote y = U(x). Denote N = (x — y)/\\x — y\\. By Lemma 4.5, N is a supporting 
normal to K at y. By Lemma 4.9, N is also a supporting normal to K\ at y. By Lemma 
4.5, y minimises distance in K\ to x. In particular, d\{x) = \\x — y\\ = d(x), and by 
definition of III, H\(x) = y = II(x), as desired. □ 

Lemma 6.17, Case 2 

Ifxe U'^UiK) n(dK 2 )r\Kf) \ K then d = d 2 andU = U 2 . 

Proof: Denote y = H(x). Denote N = (x — y)/\\x — y\\. By Lemma 4.5, N is a supporting 
normal to K at y. By Lemma 4.9, N is also a supporting normal to K 2 at y. By Lemma 
4.5, y minimises distance in K 2 to x. In particular, d 2 (x) = \\x — y\\ = d(x), and, by 
definition of n 2 , n 2 (x) = y = n(x), as desired. □ 

Lemma 6.18, Case 3 

If x e U'^UiK) n(a^i) n(dK 2 )) \ K, if (Ni o n)(x) = (N 2 o U)(x), and if d is twice 
differentiate at x, then, for every vector V: 

D 2 d(x)(V, V) > Max(D 2 d 1 (x)(V, V), D 2 d 2 (x)(V, V)). 



Proof: Denote y = U(x). By Lemma 4.5, Dd(x) is a supporting normal to K at y. By 
Theorem 5.23, the set of supporting normals to K at y is the convex hull of {Ni(y), H 2 (y)}. 
Since these two points coincide, this convex hull consists of a single point, and so Dd{x) = 
Ni(y) = N 2 (y). In particular, Dd(x) is also a supporting normal to both K\ and K 2 at 
y. It follows from Lemma 4.5 that y minimises the distance in K\ to x. In particular, 
d(x) — di(x). However, since K C K\, for all y: 

d{y) = Inf \\y - z\\ ^ Inf \\y - z\\ = di{y). 

It follows upon differentiating that for all vectors V: 

D 2 d(x)(V, V) ^ D 2 d 1 (x)(V, V). 
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In like manner, we show that, D 2 d(x){V, V) ^ D 2 <i 2 (x)(V, V), and it follows that: 

D 2 d(x)(V, V) > Max(D 2 di(V, V), D 2 d 2 (V, V)), 

as desired. □ 

Before treating the fourth case, we require the following preliminary result: 
Lemma 6.19 

Ifx G U'^UiK) n(dK{) n(dK 2 )) \ K and if (Ni o U)(x) ^ (N 2 o U)(x), then there exists 
a unique element s G [0, 1] such that: 

Dd(x) = ^(Ni o U)(x) + y(N 2 o U)(x), 

where I = ||(1 - s)(Ni o n)(x) + s(N 2 o II)(x)||. In particular: 

/^||N 1 (y) + N 2 ( 2/ )||/2. 

Proof: Denote y = H(x). By Lemma 4.5, Dd(x) is a supporting normal to K at II(x). 
By Theorem 5.23, the set of supporting normals to K at Ii{x) is the convex hull of 
{Ni(y), N 2 (y)}. This coincides with the great- circular arc joining Ni(y) to N 2 (y) (c.f. 
Section 5.2). The first assertion now follows by definition of this great-circular arc. Next 
observe that the vectors Ni(y) + N 2 (y) and Ni(y) — N 2 (y) are orthogonal. Thus: 

/ =||(l- s )N 1 (y) + S N 2 (y)|| 2 

= ||(Ni(y) + N 2 (y))/2 + (1/2 - fl )(Ni(y) - N 2 (y))|| 2 
= ||Ni(y) + N 2 (y)|| 2 /4 + (1/2 - S ) 2 ||N 1 (y) - N 2 (y)|| 2 
> ||N 1 (y) + N 2 (y)|| 2 /4. 

Upon taking square roots, we obtain / ^ ||Ni(y) + N 2 (y)||/2, as desired. □ 
Lemma 6.20, Case 4a 

If x G n" 1 (t/(K) n(difi) n(<9IT 2 )) \ K, if (Ni o n)(x) ^ (N 2 o n)(x), and if d is twice 
differentiable at x, then for every vector V and for every vector W orthogonal to both 
(Ni oil) (a;) and (N 2 on)(i): 

D 2 d(x)(V,W) = ^{A 1 (U(x))(DU(x)(V)),W) + ^{A 2 (U(x))(DU(x)(V)),W), 
where s and I are as in Lemma 6.19. 

Remark: Upon applying an isometry, we may suppose that (e n ,e n +i) = ((NioII)(:r), (N 2 o 
II)(x)). Consequently when D 2 d(x) is symmetric, this result determines every component 
of D 2 d(x) except D 2 d(x)(ei, ej) for G {n, n + l} 2 . 

Proof: Denote y = U(x). Let V be a vector in R n+1 . Define 7 : R ->■ by 7(f) = 

x + fU. Let (tm) m6 N be a sequence of points in R converging to 0. For all m, we denote 
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x m = l(tm) and y m = (II o 7)(t m ). Upon extracting a subsequence, we may suppose that 
one of the following holds: 

1: x m G U'^UiK) DidK^nKZ) \ K for all m G N. By Lemma 6.16, for all m G N, 
Dd(x m ) = Dd\{x m ). Taking limits and bearing in mind Lemma 6.13, it follows that: 

Dd(x) = Ddx{x) = (Ni o U)(x) = Ni(y). 

In particular, s = and 1 = 1. Moreover, for all vectors W and for all m: 

^-(Dd(x m )-Dd(x),W) = ^{MVm) - Ni(y),W). 

By the chain rule, upon taking limits, we obtain: 

D 2 d(x)(V,W) = (A 1 (y)(DU(x)(V)),W), 

as desired. 

2: x m G n" 1 (t/(K) n(dK 2 ) nK°) \ K for all m G N. As in Step (1), we show that 8 = 1, 
I = 1 and : 

D 2 d(x)(V,W) = (A 2 (y)(DU(x)(V)),W), 

as desired. 

3: x m G l\- l {U(K) n(&FTi) n(dK 2 )) \ K. For all m G N, we denote Ni >m = Ni(y m ) and 
N 2 , m = N 2 (y m ). Observe that for sufficiently large m, Ni m 7^ N 2m . Thus by Lemma 6.19, 
for all m G N there exists a unique element s m G [0, 1] such that: 

Dd(xm) = 1 gm Ni ;Tn + ^N 2 , m , 

I'm 'm 



where / m = ||(1 — s m )Ni m + s m N 2)m ||. Since Ni, N 2 , -D<i and IT are continuous, (s m ) m( =N 
and (/ m ) m( =N converge to the limits and respectively. Let W be a vector normal to 
both Ni(y) and N 2 (y). In particular W is normal to Dd{x). For all m: 

^(Dd(x m ) - Dd(x), W) = ±(Dd(x m ), W) 

= H*(Ni >ra - N!(y), WO + rT-(N 2 , m - N 2 (y), W>. 
By the chain rule, upon taking limits, we obtain: 

as desired. □ 
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Lemma 6.21, Case 4b 

If x e U'^UiK) n(dK{) n(dK 2 )) \ K, if (Ni o U)(x) ^ (N 2 o U)(x), and if d is twice 
differentiate at x, then for any vector W and for any vector V tangent to ((NioII)(a;), (N20 
H)(x)) and normal to Dd(x): 

D 2 d(x)(V,W) = -±-(V,W). 

d(x) 



Remark: Upon applying an isometry, we may suppose that (e n ,e n +i) = ((NioII)(x), (N 2 o 
H)(x)) and e n +i = Dd(x). Consequently when D 2 d(x) is symmetric, this result along with 
Lemma 6.20 determines every component ofD 2 d(x) except D 2 d(x)(e n +i, e n +i). In fact, we 
may show that D 2 d(x)(e n+ i, e n +i) = 0. Since this this is not necessary for out purposes, 
we leave this result as an exercise for the interested reader. 

Proof: Denote y = U(x). By Theorem 5.23, the set of supporting normals to K at y 
coincides with the convex hull of {Ni(y), N 2 (y)}. This in turn coincides with the image 
of the great-circular arc joining Ni(y) to N 2 (y) (c.f. Section 5.2). We denote this great- 
circular arc by N. In particular, for all r, N(r) is a supporting normal to K at y. We 
define 7 : [0,1] — > R n+1 by 7(7") = y + d(x)N(r). By Lemma 4.5, for all t, y is the 
point in K minimising distance to the point 7(7*). In particular, by Lemma 6.6, for all r, 
(Ddo 7)(r) = N(r). Let s be as in Lemma 6.19. Since V is in the plane spanned by Ni(y) 
and N 2 (y) but is normal to Dd(x), it follows that V is colinear with (cVy)(s). Thus, upon 
multiplying by a scalar factor, we may suppose that V = (d r r y)(s). Thus: 

(D 2 d(x)(V), W) = {d r (Dd o 7 )(s), W) 
= {(d r M)(s),W) 

= afo<(0r7)(«),wo 

as desired. □ 
Lemma 6.22 

For every compact subset X of U there exists B > with the property that if x G 
Ii- 1 {Xf\U(K)f\(dK l )f\(dK 2 ))\K, if (Nion)(x) ^ (N 2 on)(x), ifdis twice differentiate 
at x, and if D 2 d(x) is symmetric, then: 

\\DTl[x) — 7T 1 ' 2 1| ^ Bd(x), 

where tc 1,2 is the orthonogonal projection from IR n+1 onto ((Ni o Il)(x), (N 2 o Il)(x)) ± . 

Proof: Denote y = U(x). Let B > be such that ||Ai(x)|| < B and ||A 2 (x)|| ^ B for all 
x G X fl U (Ki) and for all x G X fl U(K2) respectively. By Lemma 6.7, IT is differentiable 
at x and, for all vectors V and W: 

(DU(x)(V),W) = (ir(y), n(W)} - d(x)D 2 d(x)(V, W), 
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where tc is the orthogonal projection from R n+1 onto (Dd(x)) . Observe, in particular, 
that since D 2 d is symmetric, for all vectors V and W: 

(DU(x)(V),W) = (DU(x)(W),V). 

Let V be any vector in R n+1 . Define 7 : R — > R n+1 by >y(t) = x + tV. Since >y(t) G K for 
all t, it follows by definition of supporting normals that for each N G {Ni(j/), N 2 (j/)} and 
for all t: 

((no#)-j/,N)^o. 

By the chain rule, differentiating this relation yields: 

(DU(x)(V),N) = 0. 

Thus, by linearity and symmetry, for any vector W in (Ni(y), N 2 (j/)): 

(DU(x)(W), V) = (DU(x)(V),W) = 0. 

Now let V and W be both orthogonal to (Ni(y), N 2 (j/)). In particular, F and are both 
orthogonal to Dd(x). Thus, by Lemma 6.7: 

(DU(x)(V),W) = (V, W) - d(x)D 2 d(x)(V, W). 

Let s and / be as in Lemma 6.19. Then, by Lemma 6.20 and bearing in mind Lemma 6.9 
and the definition of B: 

\D 2 d(x)(V,W)\ = \^(A 1 (y)(DU(x)(V)),W) + f(A 2 (y)(DU(x)(V),W))\ 

^ ^\\b\\\\v\\\\w\\ + 111^1111^1111^11 

^\\B\\\\V\\\\W\\. 

Thus: 

I (DU(x) (V) , W) - (V, W) I < Bd{x) \\V\\\\W\\. 
Combining these relations, we conclude that ||£)n(x) — n l,2 \\ ^ Bd(x) as desired. □ 
Lemma 6.23 

For every compact subset X ofU there exists L > such that for all x G (8K\) 0(8X2) OX: 

\\N 1 (x) + N 2 (x)\\/2^L. 

Proof: Suppose the contrary. By compactness, there exists x G (8K\) 0(8X2) OX such 
that Ni(x) + N 2 (a;) = 0. By definition of supporting normals, for all y G K\ OK2, (y — 
x, Ni) ^ and (y-x, N 2 ) < 0. Since Ni(x) = -N 2 (x), if follows that, for all y G ififl^, 
(y — x, Hi) = (y — x, N 2 ) = 0. In other words, K\ OK 2 is contained in the hyperplane 
normal to INL passing through x. In particular, Ki fl K 2 has trivial interior. This is absurd, 
and the assertion follows. □ 
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Lemma 6.24 

For every compact subset XofU and for all e > 0, there exists r > with the property 
that if x G Tl~ l (X fl U(K)) \ K, if d(x) < r and if D 2 d{x) is defined and is symmetric, 
then: 

Bet(D 2 d(x); (Dd(x))- 1 -) > {k - e) n . 
Proof: We consider the following cases: 

1: Suppose that x G U'^X n U{K) ^{dK^ n K%) \ K. By Lemma 6.16, D 2 d(x) = 
D 2 d\{x), and the result follows by Lemma 6.15. 

2: Suppose that x G U'^X nU(K) f](dK 2 ) f] Kf) \ K. By Lemma 6.17, D 2 d(x) = 
D 2 d 2 (x), and the result follows by Lemma 6.15. 

3: Suppose that x G II" 1 ^ n U(K) n{dK{) Fi(dK 2 )) \ K and Ni(n(x)) = N 2 (n(x)). By 
Lemma 6.18, for all vectors V G R n+1 : 

D 2 d(x)(V,V) ^ Max(D 2 d 1 (x)(V,V),D 2 d 2 (x)(V,V)). 

In particular, bearing in mind that Dd(x) = Ddi(x) = Dd 2 (x): 

Det(D 2 d(x); (Ddix)}^ ^ Det(D 2 d 1 (x); (Dd 1 (x)} ± ),Det(D 2 d 2 (x); (Dd 2 {x))^), 

and the result now follows by Lemma 6.15. 

4: Denote y = U(x). Suppose that x G U~ 1 (X n U{K) C\{dK{) n(dK 2 )) \ K. Suppose 
moreover that Ni(n(x)) ^ N 2 (II(x)). Let s and / be as in Lemma 6.19. Let Bi > be 
such that (l/Bi)Id < A±(y) < B-JA and (l/Si)Id ^ A 2 {y) ^ B x \d for all y G XnU^) 
and for all y G X fl U(K 2 ) respectively. Let B 2 ^ be as in Lemma 6.22. Define r > by 
r = 1/(2B 2 B 2 ). Then if d(x) < r, for all vectors V normal to Ni(y) and N 2 (y): 

(A 1 (y)(DU(x)(V)), V) = (A 1 (y)(V),V) + (A 1 (y)((DU(x) - tt 1 - 2 )^)), V) 




Likewise, for all such x and V: 

(A 2 (y)(DU(x)(V)),V)^^-\\Vf. 

Thus, if s and / are as in Lemma 6.19, by Lemma 6.20, for all such x and V: 

D 2 d(x)(V, V) = ^(A 1 (y)(DU(x)(V)), V) + f(A 2 (y)(DU(x)(V)), V) 

> 1~« WVW* _| 2_||T/|| 2 

^ 2B x l II v H ~ 2BiZ H v H 

^ 1 llyll 2 

where L is as in Lemma 6.23. Upon applying an isometry, we may suppose that the plane 
spanned by e n and e n+ i coincides with the plane spanned by Ni(y) and N 2 (y). In addition, 
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upon applying a further isometry, we may suppose that e n+ i = Dd(x). We denote by M 
the restriction of D 2 d(x) to (ei, e n _i). By the preceeding discussion, M ^ (l/2SiL)Id. 
By Lemma 6.21, for all i: 

D 2 d{x){e h e n ) = D 2 d{x){e n , e») = 

Reducing r if necessary, we may suppose that r < (2£?i) 1_n (/c — e)~ n . Then, if d(x) < r: 

Det(D 2 d(x), (Ddix))^) >(k- e) n , 

as desired. □ 

6.4 Smoothing Functions. 

Let x £ C^(lR n+1 ) be a smooth function such that X ^ 0, x = outside the unit ball 
Si(0) and: 

/ x(x)dVol x = 1 

JR n + 1 

For all s > 0, we define Xs e Cg°(R n+1 ) by: 

Xs{x) = s-^ X {x/s). 

Let E be a finite dimensional vector space. For any function / G L 1 1 oc (lR n+1 , and for 
all s > 0, we define the function f s : R n+1 — > E by: 



f s (x)= f(x-y)xs(y)d~Vo\ y . 

./Rn+1 



We recall the following properties of smoothing functions: 
Lemma 6.25 

For all f G L 1 1 oc (IR n+1 ) and for all s > 0, f s is continuous. 
Remark: In fact, as is well known, f s is smooth. 

Proof: Choose x G R n+1 and s > 0. By local uniform continuity, there exists 5 > such 
that if \\y\\ < s and \\z — y\\ < 5, then \xs(y) — Xs(z)\ < e. Thus, if \\z — x\\ < 5, using a 
change of variable, we obtain: 

ll/«(*0 - fs(x)\\ = II / R „+i f(z - y)xs(y) - fix - y)xs{y)dVo\ y \\ 

= II / K „+i f{x - y){xs{y + {z- x)) - Xs{y))dVol y \\ 
< f Rn +i \\f(x-y)\\ \xs(y+(z-x)) - x s (y)|dVol y 
^ e lB R+si o) ll/(^-y)l|dVoi,. 

Since e may be chosen arbitrarily small, continuity of f s at x follows. Since x G R n+1 is 
arbitrary, it follows that f s is continuous as desired. □ 
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Lemma 6.26 

Choose f G L 1 1 oc (M n+1 ). If f is continuous, then (f s ) s >o converges to f locally uniformly 
as r tends to 0. 

Proof: Choose e > and R > 0. By uniform continuity, there exists 5 > such that if 
||x|| < R and if \\x — y|| < 5, then \\f(x) — f(y)\\ < 5. Then, for s < 5 and for ||x|| < R, 
bearing in mind that Xs is no n- negative and has integral equal to 1: 

||/ Or) - f s (x)\\ = \\f(x) - J Rn+1 f{x - y) Xs {yWo\ y \\ 
= II / R „+i (f(x) - f{x - y))xsiy)dVo\ y \\ 
< / Rn+ i H/(aO - fix - y)\\xsiy)dVo\ y 
^ e J R „+i x r (y)dVol y 
= e. 

Since R, e > are arbitrary, it follows that if s ) s >o converges locally uniformly to / over 
R n+1 as s tends to as desired. □ 

Lemma 6.27 

Choose f G L 1 1 oc (IR n+1 ). If f has Ll oc distributional derivatives, then for all s > 0, f s is 
differentiate and D(f r ) — (Df) r . 

Proof: Choose x G M, n+1 and r > 0. Choose e > 0. Since Xs is smooth, there exists rj > 
with the property that for all y and for all vectors V such that ||V|| ^ r]: 

\xsiy + v)- xsiy) - iD X s)iy)iv)\ ^ n\\v\\. 

Thus, bearing in mind the definition of the distributional derivative and using a change of 
variable formula, for all V such that ||V|| ^ n: 

\\fsix + V)- Mx) - (Df) a (x)(Y)\\ = || / Rn+a fix + V — y) X siy) - fix - y) X siy) 

-iDf)ix-y)iV)xsiy)dVo\ y \\ 
= \\f Rn +i fix-y)ixsiy + V) 

-Xsiy) - iD X8 )iy)iV))dVo\ y \\ 
^ e ll^ll/ Bs( ,) Wfix-y)\\dVo\ y . 

Since e may be chosen arbitrarily small and since V is arbitrary, it follows that f s is 
differentiable at x with derivative equal to (D/) s (a;), as desired. □ 

Combining these results yields: 

Theorem 6.28 

Iffe Ll oc im n+1 ) is C k , then for all s > 0, J fc (/ S ) = iJ k f) s . and if s ) 8>0 converges to f 
in the C k oc sense as s tends to 0. 

Proof: We work by induction on k. By Lemmas 6.25 and 6.26, the result holds when 
k = 0. Suppose that the result holds for k = I. Choose / G L 1 1 oc (lR n+1 ) such that / is 
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C l+1 . In particular, Df is C l . Bearing in mind the induction hypothesis, for all s, we 
obtain: 

J l+1 (f s ) = J l (D(f s )) = J l ((Df) s ) = (J l (Df)) s = (J l+1 f) s . 

Moreover, (f s ) s >o and (J l (Df) s ) s> o converge locally uniformly to / and J l (Df) respec- 
tively as s tends to 0. Thus ( J l+1 (f s )) s> o converges locally uniformly to J l+1 f ', and the 
result follows by induction. □ 

Of particular use to us is the following: 

Lemma 6.29 

Let E be a finite dimensional vector space. Let K be a compact, convex subset of E. Let 
U be an open subset ofR n+1 . Let f E L 1 1 oc (M n+1 ) be such that for almost all x E U, 
f(x) E K. Then for all s > and for all x E U with the property that B 1 / S (x) E U, we 
have f s (x) E K. 

Remark: The same result holds under the hypothesis that K is merely closed. We prove 
the result in the form given above in order to be consistent with the formalism developed 
in Section 4. Lemma 6.29 as stated is, in any case, sufficient for our purposes. 

Proof: We use the terminology of Section 5. Let H(N,t) be an open half-space of E 
containing K. By compactness, there exists e > such that (z, N) ^ t — e for all z E K. 
Choose s > and x E M. n+1 with the property that Bi/ S (x) C U. Then, bearing in mind 
that x is positive: 

(/.(*), N) = (J Bs{0) f{x - y) X s(y)dVo\ y , N) 
= f Bs(0) (f(x-y),N) Xs (y)dVol y 

^ /b.(0)(* ~ e) Xs (y)dVoly 
= (t-e). 

Thus, by definition of open half-spaces, f s (x) E if(N,t). Recall by Lemmas 4.17 and 5.2 
that K coincides with the intersection of all open half-spaces containing K. Since -ff(N, t) 
is an arbitrary open half-space containing K, it follows that f s (x) E K as desired. □ 

6.5 Smoothing the Intersection. 

We return to the situation discussed in Section 6.3. Thus, let K\ and Ki be compact, 
convex subsets of M. n+1 whose intersection has non-trivial interior. Let U be an open 
subset of R n+1 and suppose that both U(Ki) and U(K 2 ) are smooth and have gaussian 
curvature at least k. As before, we denote K = KiC\K 2 and we denote d = d^n^i 
d\ = dx x and d 2 = dx 2 ■ We recall the following version of the submersion theorem: 

Lemma 6.30 

Let U C M, n+1 be an open set. Let f : U — > R be a smooth mapping and denote 
E = / _1 ({0}). If is a regular value of f, then E is a smooth, embedded submani- 
fold. Moreover, for all x E E, Df(x)/\\Df(x)\\ is a unit, normal vector field over E, and if 



94 



The Plateau Problem for Gaussian Curvature 



we denote by A the shape operator of E with respect to this normal, for all x G E and for 
all X, Y tangent to E at x: 

A(x)(X,Y) = * D 2 f(x)(X,Y). 



Proof: If is a regular value of /, then it follows by the submersion theorem (c.f. [13]) 
that E is a smooth, embedded submanifold of U. Choose x G U and let X be a tangent 
vector to E at x. Let 7 :] — e, e[— >■ E be a smooth curve such that 7(0) = x and 7'(0) = X . 
Observe that (/ o 7)(t) = for all t. Thus, by the chain rule: 

(Df(x),X) = (£>/(*), -/((J)) = (/°7)'(0) = 0. 

Since X is an arbitrary vector tangent to E at x, it follows that Df(x) is normal to E 
at x. Observe that ||£)/(a;)|| 7^ 0, and it follows that Df(x)/\\Df(x)\\ is a unit normal 
vector to E at x as desired. Now let X and Y be tangent vectors to E at x. We denote 
N = Df/\\Df\\. By definition of A, and bearing in mind the chain rule and the product 
rule: 

(A(x)(X),Y) =(DN(x)(X),Y) 

= (D(Df/\\Df\\)(x)(X),Y) 

= wm$( D2 f(*)(nY) - j^^iDfix^YXDfix)^). 
However, by the previous discussion, Df(x) is normal to E at x, and so: 

(A(x)(X),Y) = * I?f(x)(X,Y), 

as desired. □ 

For all k, B > 0, and for all N G E n , we define the set /c(fc, B, N) C Symm(2, R n+1 ) by: 
K(k, B, N) = {A I \\A\\ ^B, A^O, Det(A; (N) x ) ^ k n } . 



Lemma 6.31 

For all k, B > and for all N G E n , n(k, B, N) is compact and convex. 

Proof: The set of all matrices of norm no greater than B is compact. Since n(k, B, N) is 
a closed subset of this set, it follows that it too is compact. Choose Mo, Mi G n(k, B, N) 
and t G [0,1]. By convexity of the norm, ||(1 - t)M + tM^] «C (1 - t)||M || + t||Mi|| ^ B. 
Moreover, (1 - t)M + tM 1 ^ 0. Finally, by Lemma 2.8: 

Det((l - t)M + tM x - (N) ± ) 1 / n ^ (1 - t)Det(M ; (N) ± ) 1 / n + *Det(Mi; (N)^) 1 /" > k, 

We conclude that (1 - t)M + tM 1 G n(k, B, N). Since M , M x G n(k, B, N) and t G [0, 1] 
are arbitrary, it follows that n(k,B, N) is convex as desired. □ 
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Lemma 6.32 

For every compact subset XofU and for all e > 0, there exists p > with the property 
that if x G Il~ 1 (X nU(K)) \ K, if d(x) < p and if D 2 d(x) is defined and is symmetric, 
then: 

D 2 d(x) G K(k - e, 2/d(x), Dd{x)). 

Proof: By Lemma 6.10, ||L> 2 <i(a;)|| ^ 2/d(x). The result now follows by Lemma 6.24 and 
by definition of n(k — e, 2/d{x), Dd{x)). □ 

We now consider smoothings of d as described in Section 6.4: 

Lemma 6.33 

For every compact subset XofU and for all e > 0, there exists p > with the property 
that for all r g]0, p[, there exists S > such that if s > S, if x E X and if d s (x) = s, then 
< \\Dd s (x)\\ ^ 1 and: 

D 2 d s (x) G K(k-e,4/r,Dd s (x)/\\Dd s (x)\\). 

Proof: Choose Si > such that B 1/Sl (X) C U. We denote X t = B 1/Sl (X). Observe 
that since X is compact, so too is X±. We claim that there exists a compact subset X 2 of 
U and pi > such that: 

x 1 n d~\% Pl [) c n- 1 ^ n u(k)) \ k. 

Indeed, suppose the contrary. There exists a sequence (x m ) m6 N in X\ with the properties 
that d(x m ) > for all m, (<i(x m )) m6 N converges to and (n(x m )) m6 N is not contained in 
any compact subset of U. For all m, we denote y m = U(x m ) and N m = Dd(x m ). Since K 
is compact, there exists G if towards which (y m )men subconverges. By hypothesis, 
lies in the boundary of U. By Lemma 6.6, for all m, x m = y m + d(x m )N m . In particular, 
since (d(x m )) m€ j% converges to and since N m has unit length for all m, it follows that 
(j m ) m£ N also subconverges to y^. Since x m is an element of X\ for all m, and since X\ is 
compact, it follows that y^ is also an element of X\. This is absurd, since Xi is contained 
in the interior of U, and the assertion follows. 

By Lemma 6.32, there exists p 2 < pi with the property that if x G Il~ 1 (X2 H U(K)) \ K, 
if d(x) < p2 and if D 2 d(x) is defined and is symmetric, then: 

D 2 d(x) G n(k - e/4, 2/d(x), Dd(x)). 

Choose r G]0,p2[- Choose S2 > Si and rji > such that ??i + I/S2 < Min(r/2, p 2 — r). 
Observe that there exists Si g]0, 1[ such that if N is any vector in E n and if V G 1^(1X1), 
then: 

K(k-e/A,A/r,V/\\V\\) C /c(fc - e/2, 4/r, N) C K (k - e, 4/r, V/||V||). (D) 

Since if is compact, so too is <i _1 ([r — 771 , r + 771]). There therefore exists S3 > S2 such 
that if x G <i _1 ([r — r + 771]) and if y G Bi/s 3 (x), then Dd(y) C Bs 1 (Dd(x)). Since 
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Bg 1 (Dd(x)) is compact and convex, by Lemma 6.29, if s > S s , then Dd s (x) G Bs 1 (Dd(x)). 
In particular, since 5i < 1, is not an element of B$ 1 (Dd(x)) and so Dd s (x) ^ 0. Moreover, 
since -E?i(0) is compact and convex, by Lemma 6.29 again, if s > S3, then Dd s (x) G -E?i(0) 
and so ||£)d s (x)|| ^ 1. 

If x G <i _1 ([r — rji,r + 771]) DX and if y G Bi/s 3 (x), then, in particular, y is an element of 
X 1 r}d- 1 {[r/2,p2])r\(Ii- 1 {X 2 r\U{K))\K). Thus, by definition of p 2 , if D 2 d(y) is defined 
and is symmetric, then: 

D 2 d(y) G n(k - e/4, 2/d(y), Dd(y)) C «(/c - e/4, 4/r, £>%))• 

However, by definition of S3, Dd(y) G Bg 1 (Dd(x)) and so, by (D): 

£> 2 c%) G /c(Jfe - e/2, 4/r, Dd(a;)). 

By Lemma 6.31, k(A; — e/2,A/r,Dd{x)) is compact and convex. Thus, by Lemma 6.29, if 
s > £3, then: 

D 2 d s {x) G /c(Jfe - e/2, 4/r, 
Since Dd s (x) G Bs 1 (Dd(x)), it follows by (D) again that: 

D 2 d s (x) G - e,4/r, Dd s {x)). 
Choose ^4 > ^3 such that I/S4 < m- Then for all x G R n+1 , if y G Bx/s^x), then: 

d(y) G - 7/1, + 7/1]. 
Since this set is convex and compact, by Lemma 6.29, if s > S4, then: 

d s (x) G [d(x) - 771, + 771]. 
In particular, if x G X and if d s (x) = r, then G [r — 771, r + 771] and so: 

D 2 d s (x) G K(k - e, 4/r, Dd(x)), 

as desired. □ 
Theorem 6.34 

For every compact subset X of U and for all e > 0, there exists p > with the property 
that for all r < p, there exists S > such that if s > S, if x G X and if d s (x) = r, then 
<i~ 1 ({r}) is smooth near x and has gaussian curvature at least k — e at x. 

Proof: Let p be as in Lemma 6.33. Choose r < p. Let S be as in Lemma 6.33. Choose 
s > S. We denote E rjS = c?7 1 ({r}). Choose x G lnE riS . By Lemma 6.33, Dd s (x) ^ 
and ||Dd s (x)|| ^ 1. Thus, by Lemma 6.30, E r>s is smooth near x and Dd s (x)/\\Dd s (x)\\ is 
the normal to E r>s at x. Moreover, if we denote by A(x) the shape operator of E rjS at x 
with respect to this normal, then, for all vectors X and Y tangent to E r>s at x: 

Thus, bearing in mind that ||£)d s (a;)|| ^ 1, if we denote by k(x) the gaussian curvature of 
E at x, then: 

k(x) = Det(A(x)) 1/n ^ Det(D 2 d(x); {Dd s {x)) L ) 1/n . 
However, by Lemma 6.33: 

D 2 d(x) G n(k - e,4/r,Dd s (x)/\\Dd s (x)\\), 
and so k(x) ^ k — e, as desired. □ 
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6.6 Weak Barriers. 

Let U C ]R n+1 be an open set. Let k > be a positive real number. Let K be a compact, 
convex subset of M n+1 . We say that K is a strong barrier of gaussian curvature at least 
k inside U whenever (dK) C\U is smooth and has gaussian curvature at least k at every 
point. We say that K is a weak barrier of gaussian curvature at least k inside U whenever 
there exists a sequence (e m ) m6 N > converging to 0, an increasing sequence (U m ) m6 N of 
open sets and a sequence (K m ) me N of convex sets converging to K in the Hausdorff sense 
with the properties that U = U m6 N Vm an d, for all m, K m is a strong barrier of gaussian 
curvature at least k — e m inside V m . 

We first show that the set of weak barriers is closed under taking limits in the Hausdorff 
topology: 

Lemma 6.35 

Let U C M n+1 be an open set. Let k > be a positive real number. Let (U m ) m& n be 
an increasing sequence of open sets such that U = U m6 N U m . Let (k m ) me ^ be a sequence 
positive real numbers converging to k. Let (K m ) me N,K 00 be compact, convex subsets of 
M. n+1 and suppose that (K m ) me m converges to Koo in the Hausdorff sense. If K m is a weak 
barrier of gaussian curvature at least k inside Um for all m, then is a weak barrier of 
gaussian curvature at least k inside U. 

Proof: Upon extracting a subsequence, we may suppose that for all m, dn{K mi K^) ^ 
1/m and k m ^ k — 1/m. For all m, let (e mjP ) pe N > be a sequence converging to 0, let 
(Ki,p) P £N be an increasing sequence of open subsets of U m such that U m = U p6 n V m , P and 
let (K m ^ p ) pe ^ be a sequence of convex sets converging to K m in the Hausdorff sense such 
that, for all m, K mjP is a strong barrier of gaussian curvature at least k m — e mtP inside V mtP . 
Upon extracting subsequences, we may suppose, in addition, that for all m and for all p, 
€m, P ^ 1/p an d dH(Km, P , Km) ^ Let (U m ) m6 N be an increasing sequence of relatively 
compact open subsets of U such that U = Li me fqV m . Upon extracting subsequences, we 
may suppose moreover, that V p C U m p for all m and for all p. For all m, we now define 
K' m = K m ^ m . Then, for all m, dH(K' m , K^) ^ 2/m and K' m is a strong barrier of gaussian 
curvature at least k m — 1/m ^ k — ^ over V m . In particular, (i^) m6N converges to 
in the Hausdorff sense and we conclude that is a weak barrier of gaussian curvature 
at least k over U as desired. □ 

We now show that the set of weak barriers in closed under intersection: 
Lemma 6.36 

Let U C M. n+1 be an open set. Let k > be a positive real number. Let K\ and 
be compact, convex subsets of M. n+1 . If K\ and Ki are both weak barriers of gaussian 
curvature at least k inside U, and if K\ n K2 has non-trivial interior, then K\ fl K2 is also 
a weak barrier of gaussian curvature at least k inside U. 

Proof: By definition, for each i G {1, 2}, there exist an increasing sequence (Vi tm ) m ^ of 
open subsets of U, a sequence (ei jm ) m6 N of positive real numbers converging to 0, and a 
sequence (-ftTi, m ) me N of compact, convex subsets of M n+1 converging to Ki in the Hausdorff 
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sense with the properties that U = U m6 N Vi,m and, for all m and for all x G (dKi jm ) fl V^ m , 
(dKi jm ) is smooth near x and has gaussian curvature at least k — ej ]Tn at x. Let V m be 
an increasing sequence of relatively compact, open subsets of U such that U = U m£ N F m . 
By compactness, upon extracting subsequences, we may suppose that for all m, V m C 
Vi jm ,V2, m . For all m, we denote e m = Max(ei, m , e 2 , m )- Then (e m ) m6N also converges to 
0, and, for all m, for each i, and for all x G (dKi tJn ) r\V m , (dKi jm ) is smooth near x and 
has gaussian curvature at least k — e m at x. 

Let (W / m ) m6 N be a sequence of relatively compact open subsets of U such that U = 
UmgH^m and, for all m, W m C ]/ m . For all m, we denote K m = K\^ m [~\Ki,m- Ob- 
serve that (-KT m ) m eN converges to K\f\K.2 in the Hausdorff sense. Upon extracting a 
subsequence, we may therefore suppose that for all m, du{K m ,K\ nK 2 ) ^ l/m. Choose 
m G N. We denote by d m the distance in M n+1 to K m . By Theorem 6.34, there exists 
r < 2/3m and S > 2/r such that if s > S, if x G VF m and if d m>8 (x) = r, then d^ 8 ({r}) 
is smooth near x and has gaussian curvature at least k — 2e m at x. In particular, if we 
denote K' m = <i~* s (] — oo, r]) then for all m, is a strong barrier of gaussian curvature 
at least k — 2e m in iy m . 

For all x G if y G B 1/S (x), then d m (y) G [d m (x) - r/2,d m (x) + r/2}. Thus, by 

Lemma 6.29, if s > S, then for all x G M n+1 , d m , fl (x) G [d m (x) - r/2, rf m (x) + r/2]. Thus: 

Km = d~\] - oo,0]) C d-\] - oo,r/2]) C K' m C ^Hoo, 3r/2]). 

In particular, dH(K m , K' m ) ^ 3r/2 < l/m. It follows by the triangle inequality that 
dH(K' m , K\ fl K2) < 2/m. Thus (K^) m6 N converges to K\t\Ki in the Hausdorff sense, 
and we conclude that K\ fl K 2 is a weak barrier of gaussian curvature at least k in U as 
desired. □ 

We refine Lemma 6.36 in order to construct a local excision operation which allows us to 
obtain regularity for extremal weak barriers as we shall see presently. 

Lemma 6.37 

Let K be a compact, convex subset ofM. n+1 . Let V be an open, convex subset ofM. n+1 . Let 
L be a compact, convex subset of V. If K n(dV) C L, then (K \ V) U(K fl L) is compact 
and convex. 

Proof: We denote K' = (K \ V) L)(K(~)L). Observe that since K D(dV) C L, K' C 
(K \ V) U(K fl L). In particular, since both K\V and K fl L are compact, so too is K' . 
Choose x, x' G K' . For all t G [0, 1], we denote xt = (1 — t)x + tx' . We claim that Xf G K' 
for all t. Observe that x and x' are both elements of K. Thus, by convexity, xt G K for 
all t. Let I be the set of all t such that xt G V. Since V is compact and convex, so is /. 
In particular, / is a closed subinterval of [0, 1]. Observe that if t G (dl) fl]0, 1[, then x t is 
an element of KC\(dV), and so, by hypothesis, xt is an element of L. If t G (dl) fl{0, 1}, 
then, xt G V and so, by definition of K' , xt £ K C\ L C L. Combining these cases, we 
conclude that Xt G L for each t G 9/. By convexity, it follows that Xt G L for all t £ I. In 
particular, x f G K n L C K' for all t £ I. However, for all t G [0, 1] \ /, x t G K \ V C if', 
and we conclude that G if' for all t G [0, 1]. Since x, x' G if' are arbitrary, it follows 
that K' is convex as desired. □ 
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Lemma 6.38 

Choose k > 0. Let K be a compact, convex subset ofR n+1 . Let U be an open subset of 
R n+1 and suppose that K is a strong barrier of gaussian curvature at least k in U. Let 
V be an open, convex subset of R n+1 whose closure is contained in U, and let L be a 
compact, convex subset ofV. If L is a strong barrier of gaussian curvature at least k in V 
and if K n(dV) is contained in the relative interior of L in V, then (K \ V) L)(K fl L) is a 
weak barrier of gaussian curvature at least k in U. 

Proof: We denote K' = (K \ V) L)(K fl L). Let d' , dx and di, be the respective distances 
in R n+1 to K' , K and L. Likewise, let IT', Ii K and II £ be the respective closest point 
projections onto K' , K and L. Since K \ V is compact, and since K D(dV) is contained in 
the relative interior of L in V, there exists 5 > such that for all x G K\V, (Bs(x) fl V) C 
L. Consequently, for all such x: 

B 5 (x)r\KnV CB s (x)nKf]L = B s (x)f]K' nv. 

Thus, for all such x: 

B s (x)f]K = (Bs(x)r\(K\V))u(Bs(x)n(KnV)) 

c (b s (x) n{K' \ v)) u(B s (x) n{K' n v)) 

= B s (x)nK'. 

However, K' C K, and so B 5 (x) n K' C B s (x) n K. It follows that for all x G K \ V: 

B s (x)r\K' = B s (x)nK. (E) 

We now define X by: 

X = K'\ U BAx). 

xeK'\v 

Observe that X is compact. Moreover, by definition, X is contained in V. Choose p\ > 
such that B 2pi (X) C V. Consider y G M. n+1 \ B Pl (X) and suppose that d'(y) < p\. Let 
z = n'(y) be the point in K' minimising distance to y. Observe that z £ X. It follows 
that there exists z' G K' \ V such that z G B 5 (z'). We denote N = (y - z)/\\y - z\\. By 
Lemma 4.5, N is a supporting normal to K' at z. By Lemma 4.9, N is a supporting normal 
to B s (z')nK' at z. However, by (E), B 5 (z')nK' = B d (z')nK, and so, by Lemma 4.9 
again, N is a supporting normal to K at z. It follows by Lemma 4.5 that z is also the 
closest point in if to j/. In particular: 

dxiv) = \\y ~ z\\ = d'(y). 

We denote X\ = B2 Pl (X). Observe that X\ is compact. We claim that for all r < pi, 
there exists Si := Si(r) > such that if s ^ Si, if x ^ Xi and if d' s (x) = r, then there 
exists a neighbourhood O of x such that d' s {y) = dK, s {y) for all y G O. Indeed, choose 
r < pi. Choose r/i, > such that 771 + l/S'o < Min(r/2, pi — r). Observe that if x £ Xi, 
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if d'(x) G [r - 7/1, r + r/i], and if y G 5 1/So (a;), then <f(y) < pi and y ^ Thus, by 

the preceeding discussion, d'{y) = dxiy)- Consequently, for all s > S : 

d' s (x) = d K:S (x). 

Choose Si := Si(r) > Max(2/r/i, S ). Choose s > Si. For all x G M n+1 and for all 
V e Bys^x), d'{y) G [d'(x) - rn/2,d'(x) + t/i/2]. Thus, by Lemma 6.29, <(» G - 
7/i/2, d'(a;) + t/i/2]. Thus, if x ^ Xi and <(» G [cf (>) - W 2 , d'(a;) + t/i/2], then d'(x) G 
[r — 7/1, r + 7/1] and so <i' s (x) = djsr^a;). Since Xi is compact, if x ^ Xi, there exists a 
neighbourhood O of x such that y ^ Xi for all y G O. Moreover, by continuity, if, in 
addition, d' s (x) = r, we may suppose that d' s (y) G [r — r/i/2,r + r/i/2] for all y G O. It 
follows that <i' s (y) = dK, s (y) for all y G O, as desired. 

Let (W / m ) m6 N be an increasing family of relatively compact open subsets of U with closure 
contained in U such that U = U m ^lf m . Choose m G N. By Theorem 6.34, there exists 
P2 < Pi with the property that for all r < p 2 , there exists S 2 := S 2 (r) > such that if 
s ^ S 2 , if x G iy m nli and if g^(:e) = r, then (<i / s )~ 1 ({r}) is smooth near x and. has 
gaussian curvature at least k — 1/m at x. Choose R > such that if C Br(0). By 
Theorem 6.34 again (with if 2 = Br(0)), there exists p% < pi with the property that for 
all r < P3, there exists S3 := Sj,{r) > such that if s ^ S3, if x G and if dK, s (x) = r, 
then (<ife,s) _1 ({?"}) is smooth near a; and has gaussian curvature at least k — 1/m at x. 

Now fix r < Min(p3, 2/3m) and choose S4 := ^(r) > Max(Si(r), S 2 (r), Ss(r), 2/r). 
By definition of Si, if s ^ S4, if 1 G \ Xl, and if = r, then there ex- 

ists a neighbourhood O of x such that d s (y) = dK, s (y) f° r & h y G O. In particular, 
«)" 1 ({r})nO = (4, s ) _1 (W)nO. Thus, by definition of S 3 , «) _1 ({r}) is smooth 
near x and has gaussian curvature at least k — 1/m at x. On the other hand, by definition 
of S 2 , if s ^ S4, if x G Xl, and if = r, then (<i' s ) _1 ({r}) is smooth near x and has 

gaussian curvature at least k — 1/m at x. Thus, if we denote K m — (d' s )~ 1 (]0, r]), then 
K m is a strong barrier of gaussian curvature at least k — 1/m in W m . 

By definition of S 4 , for all x G K n+1 and for all y G B 1 /s 4 (x), d'(y) G - r/2, + 

r/2]. Thus, for all a; G M n+1 , by Lemma 6.29, d' s (x) G - r/2, d'(x) + r/2]. Thus: 

if = - 00, 0]) C - 00, r/2]) C K m , 

and, since r < 2/3m: 

if™ C (d') _1 (] - 00, 3r/2]) C (d')-\] ~ 00, 1/m]). 

It follows that dn(K, K m ) ^ 1/m. Since this holds for all m, it follows that (if TO )m€N 
converges to if in the Hausdorff sense, and so if is a weak barrier of gaussian curvature 
at least k over U as desired. □ 
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6.7 The Plateau Problem. 

The machinery developed in the preceeding sections allows us to solve a general version of 
the Plateau Problem. Let K be a compact, convex subset of M n+1 with smooth boundary 
and non-trivial interior. Let X be a closed subset of the boundary of K such that Conv(X) 
also has non-trivial interior. Choose k > 0, and suppose that dK has gaussian curvature at 
least k at every point of (dK) \ X . Observe that, using the terminology of the preceeding 
section, this means that K is a strong barrier of gaussian curvature at least k in IR n+1 \ X. 
We define the family B(k, K, X) to be the set of all compact, convex subsets K' of R n+1 
with the properties that X C K' C K and K' is a weak barrier of gaussian curvature at 
least k in IR n+1 \ X. Since strong barriers are also weak barriers, we see that K itself is 
an element of B(k, K, X) and so this family is non-empty. 

Lemma 6.39 

If L is an element of B(k, K, X), then L has non-trivial interior. 

Proof: By definition, L is compact and convex. Thus, by Lemma 4.17, L = Conv(L). 
Since X C L, it follows that Conv(X) C Conv(L) = L. Since Conv(X) has non-trivial 
interior, it follows that L too has non-trivial interior, as desired. □ 

For any Borel measurable subset X of IR n+1 , we define the volume of X to be its (n + 1)- 
dimensional Lebesgue measure. We denote the volume of X by Vol(X). 

Lemma 6.40 

There exists Vq > such that: 

V = Inf Vol(L). 

LeB(k,K,X) 



Proof: Choose L e £>(/c, K, X). By definition, L is compact and convex. Thus, by Lemma 
4.17, L = Conv(L). Since X C L, it follows that Conv(X) C Conv(L) = L. Since 
Conv(X) has non-trivial interior, Vol(Conv(X)) > 0. Thus, by monotonicity of Lebesgue 
measure, Vol(L) ^ Vol(Conv(X)). It follows that: 

V = Inf Vol(L) ^ Vol(Conv(X)) > 0, 

LEB(k,K,X) 

as desired. □ 
Lemma 6.41 

Let K C K x be compact, convex subsets ofR n+1 . If K ^ K x , then Vo\(K ) < Vol(Ki). 

Proof: Choose x G K\ \ Kq. Since Kq is compact, there exists 5± > such that 
Bs 1 (x)nK = 0. Let y be an interior point of K . There exists 62 > such that 
Bs 2 (y) C K . By convexity, for all t G]0, 1], and for all z G B t s 2 (0): 

(1 - t)x + ty + z = (1 - t)x + t(y + z/t) G K x . 
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Thus, for alU G]0,1], B tS2 {(l-t)x + ty) C K x . Choose t > such that t(\\y-x\\ +5 2 ) < 61. 
In particular B t g 2 ((1— t)x+ty) fl Kq = 0. Thus, by additivity and monotonicity of Lebesgue 
measure: 

Vol(Ki) ^ Vol(Ko) + Vol(B t « 3 ((l - t)x + ty)) > Vol(K ), 

as desired. □ 

We now show that the infimal volume is realised by a unique element of B(k,K,X): 
Lemma 6.42 

There exists a unique element Kq G B(k, K, X) such that for all L G B(k, K, X): 

VoI(Kq) s$ Vol(L). 



Proof: We first show uniqueness. Indeed, suppose that there exists Kq 7^ K' Q G £>(/c, if, X) 
such that for all L G X, X): 

Vol(Ko), VoI(Kq) ^ Vol(L). 

In particular, Vol(K ) ^ Vol(i^) and Vol(i^) ^ Vol(K ) and so Vol(K ) = Yo\{K' Q ). 
Since Kq 7^ K' , without loss of generality, we may assume that K r\K' 7^ Kq. Since 
X is contained in each of Kq and K' , it is also contained in Kq(1K . Moreover, since 
both Kq and K' are contained in K, so is Kq nK' . Finally, by Lemma 6.36, Kq fl K' is 
a weak barrier of gaussian curvature at least k over M n+1 \ X and it follows that Kq fl K' 
is an element of B(k,K,X). However, by Lemma 6.41, Yol(K nK' ) < Vol(if )- This 
contradicts minimality of K , and uniqueness follows. 

We now prove existence. Define Vq > by: 

Vq = Inf Vol(L). 

LeB{k,K,X) 

Let (L m ) m6N G B{k,K,X) be a sequence such that (Vol(L m )) m6N converges to Vq. For 
all 777., we define if m — L^ H ... n L m . For all ?n, X C if m C if, and, by Lemma 6.36, K m 
is a weak barrier of gaussian curvature at least k over IR n+1 \ X, and so K m G X, X). 
Moreover, by definition of Vo, and by monotonicity of the Lebesgue measure, for all m, 
Vq < Vol(if m ) ^ Vol(L m ). In particular, (Vol(if m )) m6 N also converges to Vq. We define 
^00 by: 

ifoo = n K m . 

m6N 

Observe that for all m, Vol(Koo) ^ Vol(K m ). Taking limits yields Vol^^) s= V . We 
claim that (if m )m€N converges to K^ in the Hausdorff sense. Indeed, suppose the contrary. 
Since K^ C if m for all m, we may suppose that there exists e > with the property that, 
upon extracting a subsequence, for all m, there exists x m G K m such that d(x m , ifoo) ^ e- 
Observe that x m G X for all m. Thus, by compactness, upon extracting a subsequence, we 
may suppose that there exists G K towards which (x m ) m& fq converges. By continuity: 

) = Lim d(x m , Koo) ^ e. 
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Observe that x m G K\ for all I ^ m. It follows upon taking limits that x^ G K\ for all 
/. Thus, taking the intersection over all /, we conclude that x^ G K^. In particular, 
d(x QO , K^) = 0. This is absurd, and it follows that (-ftT m ) m(E N converges to in the 
Hausdorff sense as asserted. By Lemma 6.35, is therefore also an element of B(k, K, X). 
In particular Vq < Vo^Kqo), and so Vo^Kqo) = Vq. K^ is therefore an element of 
B(k,K,X) minimising volume, as desired. □ 

We now show that the volume minimiser solves the Plateau Problem up to singularities of 
the type described in Section 4: 

Lemma 6.43 

Let K G B(k,K,X) by such that Vo\(K ) ^ Vol(L) for all L G B(k,K,X). Choose 
x G (dK ) \ X. Then either: 

(1 ) (OKq) is smooth near x and has gaussian curvature equal to k at x; or 

(2) Kq satisfies the local geodesic property at x. 

Proof: Choose x G (dKo) \ X and suppose that Kq does not satisfy the local geodesic 
property at x. Let U be a relatively compact neighbourhood of x whose closure is contained 
in R n+1 \ X. By definition of weak barriers, there exists a sequence (K m ) m€K of compact, 
convex subsets of M n+1 with the properties that (-ftT m ) me N converges to Kq in the Hausdorff 
sense and for all m, K m is a strong barrier of gaussian curvature at least k — 1/ra in U. 
We denote K^ — Kq and Xoo = xq. 

Let (x m ) m6 N be a sequence converging to Xoo such that x m G dK m for all m. Upon apply- 
ing a sequence of affine isometries converging to the identity mapping, we may suppose that 
x m = for all m G N U {oo}. Since K^ has non-trivial interior, by Lemma 4.27, Af(0; K^) 
is strictly contained in a hemisphere. By Lemma 4.28, there exists N G jV(0; K^) such that 
(N, M) > for all M G A^O;^). By compactness of A/"(0; K^), there exists 9 G [0,tt/2[ 
such that (N, M) > 3cos(#) for all M G A/"(0; K^). We denote C = tan(^). 

By Lemma 4.3, there exists r > and MgN such that B r (0) C U and, for all m > M, 
for all x G (dK m ) D B r (0) and for all M G J\f(x;K m ), (N, M) > 2co s(6>). Upo n extracting 
a subsequence, we may suppose that M = 1. We denote p = r/vT+ 4C 2 . By Lemma 
4.23, there exists N', which we may choose as close to N as we wish such that for all 
x G Koo \ B p / 2 (0), (x, N') < 0. Moreover, we may assume that for all m G NU {oo}, for 
all x G (dK m )HB r (0) and for all M G A/"(z; if m ), (N', M) > cos(^). 

Upon applying a rotation, we may suppose that N' = — e n +i. By Theorem 4.13, for all 
m G NU {oo}, there exists a convex, C-Lipschitz function f m : B' p (0) — >] — Cp,Cp[ such 

that f m = and (5K m ) n(S^(0) x] -2Cp, 2Cp[) coincides with the graph of / m over B' p (0). 

Since / m (0) = and / m is C-Lipschitz for all m, by the Arzela-Ascoli theorem, every 
subsequence of (/ m ) m gM nas a subsubsequence converging in the local uniform sense over 
B' p (0) to some limit say. Since (K m ) m6 N converges to in the Hausdorff sense, it 
follows that Z4-, = /oo, and we conclude that (/ m ) m gN converges in the local uniform sense 
over BJ(0) to Z^. 
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By construction, foo(x') > for all x' G dB' p ^ 2 (0). By compactness, there exists 5 > 
such that foo(x') > 25 for all x' G dB' p ^ 2 (0). Since (f m )m€N converges locally uniformly 
to /oo over .Bp(O), there exists M G N such that for all m > M, and for all x' G <9i^ /2 (0), 
fm( x ') > 8- Upon extracting a subsequence, we may suppose that M = 1. 

Choose m G N. Observe that f m is smooth. We denote O m = — oo,<5]). Observe 

that Vt m is a compact, convex subset of B' p ^ 2 (0). Since B' p (0) is a convex set, and since 

f m is a convex function, D/ m only vanishes at the absolute minimum of f m over B' p ^ 2 (0). 

Since / m (0) = 0, it follows that the absolute minimum of f m in B' p ^ 2 (0) is contained in the 

interior of fi m . In particular, Df m does not vanish at any boundary point of fi m , and so 
fi m has smooth boundary. By Theorem 1.4, there exists a unique, smooth, strictly convex 
function f m : fi m — >] — oo, 5] such that f m {x') = 5 for all x' G <9fi m and the graph of 
fm has constant gaussian curvature equal to k. By convexity, f m ^ 5. By Lemma 2.12, 

fm fm- 

We define V m = O m x] — (3/2)Cp, (3/2)Cp[. Observe that U m is open and convex. More- 
over, V m C _B r (0) C £/. We define the subset L m of V m by: 

L m = {(x',t) \ x' eVt m k f m (x') ^ t <: (3/2)C P } . 

Observe that L m is compact and convex. Moreover, since f m ^ / m , it follows that L m C 
if™ n F m . We define K' m = (K m \V) U L m = (K m \V) U(K m n L m ) . We claim that is 
a weak barrier of gaussian curvature at least k in R n+1 \X. Indeed, for all s G [0, (l/2)Cp[, 
we define the subset L m , s of V m by: 

L m , s = {(x',t) \x' G O m & / m (x') - t ^ (3/2)Cp} . 

We define -ftT^ )S = (-£T m \ V) U(K m fl L m , s ). For all s > 0, by definition of f m , K m fl dV m is 
contained in the relative interior of L m in V m . Thus, by Lemma 6.38, K' m s is a weak barrier 
of gaussian curvature at least k over IR n+1 \ X. However, (K mjS ) s e[o,(i/2)Cp[ converges to 
K' m = in the Hausdorff sense as s tends to 0, and so, by Lemma 6.35, K' m = K' m 
is also a weak barrier of gaussian curvature at least k in R n+1 as desired. 

By Lemma 4.1, there exists a compact subset K'^ of M n+1 towards which (K' m ) me n sub- 
converges. By Lemma 4.2, K'^ is also convex. We claim that K'^ = K^. Indeed, suppose 
the contrary. By Lemma 6.35, K'^ is a weak barrier of gaussian curvature at least k in 
]gm+i y x Moreover, for all m, K m \ B r (0) C K m \ V m C i^, and upon taking limits it 
follows that i\oo \S r (0) C K'^ and, in particular, X C if^ \S r (0) C i^. Finally, for all 
m, C _£T m , and upon taking limits, it follows that K'^ C if^ C if. We conclude that 
K'^ is an element of B(k, K, X). However, since K'^ C and 7^ -ftT^, it follows 
from Lemma 6.41 that Vo^-fT^) < Vol^oo). This is absurd by minimality of and we 
conclude that K'^ = as asserted. 

By continuity, there exists p' < p such that for all x' G B pl (0), foo(x') < 5/2. Since 
(/m)m€N converges to /oo uniformly over 5^,(0), there exists M G N such that for m > M, 
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and for all x' G B' p ,(0), f m (x') < 5. In particular, for all to > M, B p ,(0) C fi m . For all 
m, we therefore define W = 5^,(0) x] - (3/2)Cp, (3/2)Cp[. Then, for all to, (^ m )nW = 
(dL m ) nW is smooth with constant gaussian curvature equal to k. Since does not 
satisfy the local geodesic property at x, by Theorem 4.29, (dK^) C\W is smooth with 
constant gaussian curvature equal to k, as desired. □ 

Using an ad-hoc argument, we are also able to exclude the existence of boundary points 
of K satisfying the Local Geodesic Property: 

Lemma 6.44 

Let K G B(k,K,X) by such that Vol(K ) ^ Vol(L) for all L G B(k,K,X). If X has C 2 
boundary, then K does not satisfy the local geodesic property at any point of (dK ) \ X. 

Remark: In order to prove this result, we make appeal to Theorem 1.1 of [2] . Thus result, 
which proves existence of solutions to the classical Monge-Ampere equation, may in fact 
be obtained by adapting the techniques of Sections 2 and 3. The main extra difficulty lies 
in proving the existence of a lower barrier for arbitrary boundary data. However, in the 
case of the classical Monge-Ampere equation, this follows from the strict convexity of the 
domain. We leave the details as an exercise for the motivated reader. 

Proof: Suppose the contrary. Let Y be the set of all points in (8Kq) \ X here Kq satifies 
the local geodesic property. We first claim that X U Y is closed. Indeed, let x G (dK ) lie 
in the complement of X U Y . In particular, Kq does not satisfy the local geodesic property 
at x. Thus, by Lemma 6.43, there exists a nieghbourhood U of x such that (OKq) n U is 
smooth and strictly convex. In particular, K does not satisfy the local geodesic property 
at any point of (dK ) fl U and so U fl Y = 0. Since x lies in the complement of X and 
since X is closed, upon reducing U if necessary, we may suppose that U fl X = 0, and so 
U D(X U Y) = 0. Since x G (dK ) \(XUY) is arbitrary, it follows that (dK ) \(XUY) is 
open and so (X U Y) is closed as asserted. 

By Lemma 4.19, Y C Conv(X). Choose y G Y. Let N be a supporting normal to Kq 
at y. Let H be the affine hyperplane normal to N passing through Y . Observe that 
(YnH) C Conv(X fl if). In particular, since Y is non-empty, so is Conv(X C\H), and 
so X fl H consists of at least two distinct points, x\ and X2 say. Let V be the closed 
straight-line segment joining x\ to x 2 - By convexity, V C K . Moreover, T C H and so, in 
particular, V lies on the boundary of K . 

Upon applying an affine isometry, we may suppose that x\ = —te n and x 2 = te n for some 
t > 0, N = — e n +i, and H = {x | (x,e n+ i) = 0}. In particular, G dK and — e n+ i is a 
supporting normal to Kq at 0. Observe that, since K is strictly convex, is an interior 
point of K. By definition of supporting normals (x, —e n+ i) ^ for all x G X C Kq, and 
since (xi,e n +i) = (x2,e n +i) = 0, it follows that x\ and x 2 are both boundary points of 
X . Moreover, dX is tangent to H at these points, and since K is strictly convex, Y is not 
tangent to dX at these points. Consequently, for each i: 

H = T Xt (dX) © T Xi Y = T Xi (8X) © (e n >. 

We identify (e±, e n _i) with and for all r > 0, we denote by B"(0) the ball of 

radius r about in By transversality, and since dX is C 2 , there exists r > 0, 
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open subsets U\ and U2 of x\ and X2 respectively and C 2 functions £1,^2 : B'/(0) — > R 
and 771,772 : B'/(0) — > [0, 00 [ such that, for each i, (dX) nt/j coincides with the graph of 
(£i,Vi) over B'/(0). We identify (ei,...,e n ) with M n and we denote by -8^.(0) the ball of 
radius r about in W 1 . Since £i(0) = —t and £2(0) = t, by continuity, upon reducing r if 
necessary, we may suppose that for each i, > r for all x" G -B"(0). We then define 

/:S;(0)^[0,oo[by: 

f(x , s) = ~r ~, ~fi\ TTIK^ y x + TT1T\ TTIK^ x )• 

") - £i(x") ii(x ) - W") 

Since 771(0) = 772(0) = 0, /(0, s) = for all s. Moreover, by convexity, (x\ f(x')) G K for 
all 2/ G B' r (0). Finally, since £1, £2, 771 and 772 are C 2 , it follows that / is also C 2 . By 
Theorem 4.13, upon reducing r if necessary, there exists C > and a convex, Lipschitz 
function g : B' r (0) — >]— Cr, Cr[ such that the intersection of (dK ) with B' r (0) x]— 2Cr, 2Cr[ 
coincides with the graph of g over B' r (0). Since / attains a local maximum of at 0, 
and since / is C 1 , Df(0) = and so, upon reducing r if necessary, we may suppose 
that f(x') G] - 2Cr,2Cr[ for all x' G B(.(0). It then follows by definition of g that 
f(x') ^ <7(x') for all x' G -8^,(0). Finally, since / is C 2 , we may perturb it to a smooth 
function /' : B' r (0) ->] - 00, 0] such that /'(0,s) = for all s and f'(x') ^ g(x') for all 
x' G B' r (0). 

By Theorem 1.1 of [2], there exists a smooth, strictly convex function / : B' r / 2 (0) — > H. 

such that / coincides with /' along <9.B^ 2 (0) and Det(Hess(/)) = k/2. In particular, by 
Lemma 1.3 the graph of / has gaussian curvature no greater than k/2. Observe that since 
Kq is a weak barrier of gaussian curvature at least k in M. n+1 \ X, there exists a sequence 
of smooth, strictly convex functions (<7 m ) m gN : B' r (0) — > 1R converging uniformly to g such 
that for all m, the graph of g m has gaussian curvature at least k/2. It then follows by 
Lemma 2.12 that for all m G N: 

^^-^'^^-^ 

and so, upon taking limits, we obtain: 

Inf fix') - g(x') = Inf fix') - g(x') ^ 0. 

In particular, /(0) — (7(0) ^ 0, and so g(0) ^ /(0). However, since /(0) is smooth and 
strictly convex over £?^ 2 (0), and since /(0, ±r/2) = /'(0, ±r/2) = 0, it follows that 
/(0) < and so #(0) < 0. However, by definition of g, (0,(7(0)) is an element of K . By 
definition of supporting normals —g(0) = ((0, g(0)) — (0,0), — e n+ i) ^ 0, and so #(0) ^ 0. 
This is absurd, and it follows that Y is empty, as desired. □ 

Combining these results, we obtain the general solution to the Plateau problem described 
in the introduction: 
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Theorem 1.2 

Choose k > 0. Let K be a compact, convex subset ofR n+1 with smooth boundary. Let 
X be a closed subset of dK with C 2 boundary C = dX . If dK has gaussian curvature 
bounded below by k at every point of (dK) \ X , then there exists a compact, strictly 
convex, C 0,1 embedded hypersurface S C ]R n+1 with the properties that: 

(1) S C K; 

(2) dS = C; and 

(3) S\dS is smooth and has constant gaussian curvature equal to k. 

Remark: In fact, if one supposes that C is C°° , then we may show that S also has smooth 
boundary We shall not study this here. 

Proof: Since K is convex, dK is diffeomorphic to the unit sphere E n in R n+1 . Since C 
is embedded and diffeomorphic to the unit sphere E n_1 e W 1 , it follows from the Jordan 
Sphere Theorem (c.f. [9]) that C divides dK into two connected components. Let Q be 
one of these components. We denote X = (dK)\Q. Observe that (dX) = C. Consider the 
family B(k, K, X). Observe that K is an element of B(k, K, X) and so this family is non- 
trivial. By Lemma 6.42, there exists a compact, convex set Kq e B(k, K, X) minimising 
volume over all elements of B(k,K,X). By Lemma 6.44, Kq does not possess the local 
geodesic property at any point of (dK ) \ X. By Lemma 6.43, (dK ) \ X is smooth and 
has constant gaussian curvature equal to k. We denote S = (dK ) \X°. 

By definition S C Kq C K. Since S is a subset of the boundary of a convex set with non- 
trivial interior, it follows from Theorem 4.13 that S is a C 0,1 embedding. By definition 
dS = dX = C, and finally, S \ (dS) is smooth and has constant gaussian curvature equal 
to k, as desired. □ 

Barcelona-Granada, May- June, 2012 
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A 



Terminology 



Derivatives: For any vector spaces E, F, let Symm(n, E) ® F denote the space of sym- 
metric multilinear forms from E into F. When F = R, we denote simply Symm(n, E) = 
Symm(n, E) <8> R- For any open subset U C F and for any /c-times differentiable function 
/ : ?7 — )• F, we denote the /c'th total derivative by -D fc / : U — >■ Symm(/c, F) ® F. For any 
point p E U and for vectors 14, 14 G F, we denote £) fc /(p)(Vi, 14) G F the image 
of the /c-tuplet (Vi, 14) under the action of D k f at the point P. 

For any vector spaces E and F, for any open subset U of F, and for all k G N, we 
denote by C k {U,F) the space of /c-times continuously differentiable functions from U into 
F. We denote by C°°(U, F) the space of functions from U into F which have continuous 
derivatives of arbitrarily high order. When F = R, we denote simply C k (U) = C k (U 1 'K) 
and C°°(t/) = C°°(t/,R). 

For any fceN and for any / G C k (U), we define J fc (/) G C°(f7, ©™ =0 Symm(n, F)) by: 

J k (f)(x) = (f(x),Df(x),...,D k f(x)). 
We refer to J k (f) as the /c-jet of /. 

Canonical Basis of Euclidean Space: For all n, we denote by M n , n-dimensional, real 
space and by e\, e n its canonical basis. We denote by (•, •) the Euclidean inner product 
and by || • || the Euclidean norm. For any open subset [/CK n , for any /c-times differentiable 
function / : U — > R, and for any fc-tuple of indices 1 ^ ii, ^ n, we define the function 
(di 1 ...di k f) such that for all x G U: 

(d ll ...d t J)(x) = D k f(x)(e ll ,...,e lk ). 
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We will also use the more concise notation: 

fii...ik := (dii---dikf)- 

Distributional Derivatives: Let E be a vector space furnished with a volume form dVol. 
Let U be an open subset of E and let / : U — > R be a real valued function which is locally 
L . Let g = (go, gi, gk) '■ U — > ©£L Symm(n, E) be locally L 1 . We say that g is the 
/c'th order distributional derivative of / whenever it has the property that for any smooth 
function <p with compact support, for all 1 ^ k ^ n, and for all vectors Vi, Vj~: 

[ f{x){D k v){x){V 1 ,...V k )&Vo\={-l) k f g k (x)(V u ...,V h )<p(x)&Vo\. 

J E J E 

Smooth Functions on Sets with Boundary: Q will always represent a bounded, strictly 
convex, open subset of M n . Given any vector space E, a function / : Q — > E is said to 
be C k whenever there exists an extension / of / to M. n which is /c-times continuously 
diferentiable. By Whitney's Extension Theorem (c.f. [20]), the extension / can be chosen 
such that for all k ^ I: 

\\D k f\\ L - = ||£> fc /yk~ = \\D k f\\ L ~. 

We say that / is smooth whenever it is C k for all finite k. Given any open subset U of E, 
we denote by C°°(fi, U) the set of all smooth functions from O into E taking values in U . 
In particular, when U = E = M, we denote C°°(Ti) = C°°(n, R). 

Non-linear Operators: Given open subsets U C M n and V C Symm(2, M n ) and a smooth 
function F : I x Symm(l,M n ) x V — >■ 1R, for any function / : U — > K with the property 
that D 2 f(x) e V for all x £ U, we define the function F(f,Df,D 2 f) such that, for all 

.D/, ,D 2 /)(x) = F(f(x),Df(x), D 2 f{x)). 

F thus represents the most general second-order, non-linear partial differential operator 
acting on functions over U which is homogeneous in the spatial variables. 

Decomposition of Euclidean Space: We often decompose M n+1 as W 1 x R. For all 

r > and for all x G M n+1 , we denote by B r (x) the open ball of radius r about x in M n+1 . 
For all r > and for all x' £ M n , we denote by B' r (x) the open ball of radius r about x in 

Metrics: Let X and F be two compact subsets of M n+1 . We define the Hausdorff distance 
between X and Y by: 

dn(X, Y) = Sup Inf \\x — y\\ + Sup Inf ||x — y\\. 

We denote by E n the sphere of unit radius in We define the spherical distance 

(is:E n xE"->R by: 

<fe(l\l, M) = cos _1 (N, M). 
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The spherical distance thus measures the angle between two points in the sphere. Let X 
and Y be two compact subsets of E n . We define the spherical-Hausdorff distance between 
X and Y by: 

dH,T,{X, Y) = Sup Inf dx(x, y) + Sup Inf dx(x, y). 

Miscellaneous: If X is any subset of R n , we denote its closure by X, its interior by X° 
and its boundary by dX . 

Let E be a vector space furnished with an inner product. For vectors X and Y in E, we 
denote by (X, Y) the inner product of X with Y. 

Let E be any vector space. For vectors X\,...,X n , we denote by (Xi,...,X n ) the linear 
subspace of E spanned by X±, X n . This should not be confused with the inner product. 
It will be clear from the context which is meant. 
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Index 



local geodesic property 53 

locally strictly convex 3 

non-antipodal 67 

the non-parametric problem 4 

normal 83 

open half-space 65 

open hemisphere 68 

the Plateau problem 2 

scalar curvature 2 

shape operator 1, 83 

smooth 30 

solution space 33, 39 

southern hemisphere 68 

strictly contained in a hemisphere 55 

strong barrier 98 

supporting normal 45 

trivialising chart 31 

volume 102 

weak barrier 98 

Weingarten operator 1 



affine projection 68 
Banach space 31 
cone 68 
convex 68 
convex hull 51, 70 
differentiable 30 
dual 71 
elliptic 26, 37 
Fredholm 32 
Gauss' equation 1 
gaussian curvature 1, 2 
graph 48 
graph function 48 
great- circular arc 67 
Hausdorff distance 43 
Holder norm 35 
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linear half-space 68 
link 73, 74 
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